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Vértesi. András Stipsicz introduced to me the beauty of knot theory, and he always
motivates me to learn more. He has supported and guided me as my advisor since
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Introduction

The history of contact geometry began in the 1870s, when Lie [58] worked out
geometrical tools to study differential equations coming from optics and thermody-
namics. The history of the closely related symplectic geometry started even earlier,
in 1808 with a concept of Lagrange [57, 65]. It was first used for studying astronomy
and mechanics. Then, the word symplectic in its modern sense, appeared in 1939,
in the book of Weyl [95]. From then on, symplectic geometry and topology gained
popularity and even nowadays it has prominent place both in pure mathematics and
in applied fields. On the other hand, its odd dimensional analogue, contact topology
is more recent: its significant progress started in the 1960s, by Boothby and Wang
[6], Gromov [46], Martinet [66] and Lutz [60]. For detailed descriptions, the reader
is referred to the surveys of Lutz [61] and Geiges [37].

It is natural to study Legendrian and transverse knots in contact manifolds. Not
only they are objects of interest in their own rights, but also we can consider them
as surgery loci when constructing new contact manifolds. They first appeared in the
literature in the 1990s, when Arnold [3] examined them as wave fronts on surfaces.
Since then, Legendrian and transverse knot theory gave rise to numerous fascinating
questions in mathematics.

An essential fact is that Legendrian and transverse knot theory is richer than
the classical one, in the sense that we can find several non-equivalent Legendrian
and transverse knots for the same smooth knot type. Besides the underlying smooth
knot type, there are two classical, numerical invariants of Legendrian knots: the
Thurston-Bennequin number and the rotation number, while one of transverse knots:
the self-linking number. The question whether these data are enough to classify
Legendrian knots up to Legendrian isotopy and transverse knots up to transverse
isotopy has been widely investigated. It turned out that the general answer is no,
but there exist knots whose classical invariants determine the Legendrian/transverse
knot type, these we call Legendrian/transversely simple.

It is a challenging open problem to decide whether a knot type is Le-
gendrian/transversely simple. So far, we only know partial results: Eliashberg and
Fraser [21] proved that the unknot, while Etnyre and Honda [28] showed that all
torus knots are Legendrian simple. In 1997, Chekanov [8] and Eliashberg [20] found
the first example of a Legendrian non-simple knot type, which was the mirror of the
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52 knot. Birman and Menasco [5] constructed transversely non-simple knot types.
The first classification of a transversely non-simple knot type was the classification of
the (2, 3)-cable of the (2, 3) torus knot by Etnyre and Honda [30]. In 2010, Ozsváth
and Stipsicz [71] gave infinite families of transversely non-simple knot types. Al-
though since then some further results have been achieved [31, 32, 29, 92], the only
complete classification theorem we know for Legendrian non-simple prime, non-cable
knot types is by Etnyre, Ng and Vértesi [23] for twist knots.

The present work aims to study the family of two-bridge knots, and give upper
and lower bounds on the number of Legendrian realizations with maximal Thurston-
Bennequin invariant. These can serve as the basis of new classification results. In-
deed, in Theorems 2.37, 2.38 and 2.51 we give new infinite families of Legendrian
and transversely non-simple knot types. We use knot Floer homology, convex surface
theory and knot invariants such as the Legendrian invariant and rulings.

Our main results are Theorems 2.37, 2.38, and Theorem 3.31. The two former
ones, Theorems 2.37 and 2.38 are the Legendrian and transverse versions of the same
statement. In these, we give a lower bound on the number of distinct Legendrian
(transverse) realizations of those two-bridge knots for which some easily verifiable
conditions on the corresponding continued fraction are met. Theorem 3.31 provides
an upper bound on the number of maximal tb Legendrian realizations of some double
twist knots. Putting these together, we obtain both a lower and an upper bound on
the number of maximal tb Legendrian realizations of double twist knots which are
of the form K(4,m) shown in Figure 1. Since the two bounds do not agree, we do
not have a sharp result. However, we obtain new infinite families of Legendrian and
transversely non-simple knot types, and take some steps towards the classification
of Legendrian double twist knots.

.
Figure 1: The double twist knot K(4,m). We present lower and upper bounds on
the number of Legendrian realizations of these knot types.
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The structure of the dissertation is as follows: In Chapter 1, we introduce the ba-
sic notions of contact topology, Legendrian and transverse knot theory. In Chapter 2,
we first set up the necessary background in knot Floer homology, then present our
lower bounds. Our main results here are Theorems 2.37 and 2.38. Moreover, we
present algorithmically checkable sufficient conditions of Legendrian and transverse
non-simplicity for two-bridge knots. We define ruling invariants, and as an applica-
tion, we prove Theorem 2.51, giving further Legendrian non-simple knot types. The
first part of Chapter 3 is devoted to an introduction to convex surface theory, which
is our main tool for proving the upper bound in Theorem 3.31, in the second part
of the chapter.
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1. Legendrian and transverse knots

The theory of Legendrian an transverse curves traces back to the 1990s, when
they were first studied as wave fronts on surfaces [3]. Since then, they provide nu-
merous interesting problems.

In this chapter, we introduce the basic notions and concepts of Legendrian and
transverse knot theory. In Section 1.1, we start with the common background, con-
tact structures on 3-manifolds. Then, we will concentrate on Legendrian knots, to
which we dedicate Section 1.2. Lastly, in Section 1.3, we shortly investigate the
analogous transverse theory.

1.1 Contact structures

We briefly go through the setting in which we will be able to define Legendrian
and transverse knots. For a detailed introduction we refer to [38] and [27].

Definition 1.1. A contact structure ξ on an oriented 3-manifold Y is a com-
pletely non-integrable plane field in the tangent bundle TY . A 1-form α ∈ Ω1(Y ) is
called a contact form if α ∧ dα ̸= 0.

Locally we can define a contact structure as the kernel of a contact 1-form. (If
we can also give this 1-form globally, then we say that the contact structure is
coorientable.) An important example is the standard contact structure ξstd on
R3, defined as ξstd = Ker(α) for α = dz − ydx, see Figure 1.1.

Figure 1.1: The standard contact structure on R3. (Source of picture: Wikipedia.)
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There are two main types of contact structures:

Definition 1.2. A contact structure ξ on Y is overtwisted if there exists an em-
bedded disk D ⊂ Y such that TpD = ξp for all p ∈ ∂D, see Figure 1.2. We call such
a disk an overtwisted disk. A contact structure is tight if it is not overtwisted.

Figure 1.2: An overtwisted disk. Picture by Patrick Massot.

Bennequin [4] showed that the standard contact structure on R3 is tight. In this
work, we will mostly work in (R3, ξstd).

Definition 1.3. Two contact 3-manifolds (Y1, ξ1) and (Y2, ξ2) are contacto-
morphic if there exists a diffeomorphism f : Y1 → Y2 such that f∗(ξ1) = ξ2.

Similarly to ξstd on R3, we can define the standard contact structure on S3 as
follows. Consider the unit ball B4 = {x2

1 + y2
1 + x2

2 + y2
2 ≤ 1} in R2, and think of S3

as the boundary of it. By identifying R4 with C2 we can define a complex structure
J on each tangent space of R4 by J ∂

∂xi
= ∂

∂yi
for i = 1, 2. At every point p ∈ S3,

define ξp as the unique complex line

ξp = TpS
3 ∩ J(TpS

3).

One can check that this is indeed a contact structure [70, Example 4.14.]. Moreover,
if we remove a point from (S3, ξ), the result is contactomorphic to (R3, ξstd), see
[27, Example 2.3.]. Therefore, we will also denote it by (S3, ξstd).

Another significance of the standard contact structure on R3 is phrased in the
following theorem by Darboux.

Theorem 1.4 (Darboux, [12]). For every contact 3-manifold (Y, ξ) and p ∈ Y ,
there exists a neighborhood U ∈ Y of p and an open set V ⊂ R3 such that (U, ξ|U)
is contactomorphic to (V, ξstd|V ).
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1.2 Legendrian knots

Now we introduce our main objects of interest. We will consider knots in contact
3-manifolds with the following special property:

Definition 1.5. A Legendrian knot L ⊂ (Y, ξ) is an embedded S1 such that
TpL ⊂ ξp for every p ∈ L.

We concentrate on Legendrian knots in (R3, ξstd), and consider knots with an
orientation.

Definition 1.6. The front projection of a Legendrian knot in (R3, ξstd) is its
projection to the xz plane.

Generically, the front projection of a Legendrian knot has no vertical tangencies,
and only cusp singularities. Moreover, at each crossing, the slope of the overcross-
ing arc is smaller than the undercrossing one, see for example Figure 1.3. Another
important observation is that we can always compute the y coordinate of the knot
from its front projection: we parametrize the Legendrian knot as (x(θ), y(θ), z(θ))
where θ ∈ S1, and recall that ξstd = Ker(dz− ydx). Then, y(θ) = z′(θ)

x′(θ) (observe that
x′(θ) ̸= 0 for Legendrian knots). Therefore, we can uniquely recover the Legendrian
knot from its front diagram.

Figure 1.3: Front diagram of a Legendrian trefoil knot

Using these properties, we can verify the following:

Proposition 1.7. [27] Any smooth knot type can be C0-approximated by Legendrian
knots. In particular, there are Legendrian knots representing any smooth knot type.

The idea of the proof is to work with the xz projection of the knot and turn
it into a front projection of a Legendrian knot. To achieve this, it is enough to
make local modifications on the projection so that the above properties of a front
projection hold. Moreover, by introducing zig-zags, this can be done so that the
Legendrian knot is C0 close to the original knot. For a detailed proof see for example
[27, Chapter 3, Theorem 2.5.].

On the other hand, in Section 1.2.1 we will see that the class of Legendrian knots
is even richer than the class of smooth knots in the sense that for a given smooth
knot type we can find several Legendrian knot types.
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For a fixed Legendrian knot there is a simple way to obtain further Legendrian
knots in the same smooth knot type:

Definition 1.8. Let L be an oriented Legendrian knot in (R3, ξstd) and consider its
front projection. Replacing a smooth strand in the diagram by two zig-zags according
to Figure 1.4 is called a stabilization. If the cusps are oriented downward, then
the stabilization is positive and we denote the resulting Legendrian knot by S+(L),
while introducing upwardly oriented cusps gives the negative stabilization S−(L)
of the knot. We call L the destabilization of the knots S+(L) and S−(L).

Figure 1.4: Stabilization

Although it is clear that stabilization does not change the smooth knot type, in
Proposition 1.18 we will see that it modifies the Legendrian knot in a non-trivial
way. After the next definition we can observe that it does not matter where we put
the zig-zags when we stabilize a Legendrian knot.

Definition 1.9. A Legendrian isotopy is an isotopy φ : S1 × [0, 1] → R3 such
that φ|S1×t

is Legendrian for every t ∈ S1.

It is hard to decide whether two Legendrian knots are Legendrian isotopic.
Working with the front projections often turns out to be useful, as it allows us
to find Legendrian isotopies in more combinatorial ways. A fundamental principle
of this is the following analogue of the smooth Reidemeister theorem, verified by
Swiatkowski [91].

Theorem 1.10 (Legendrian Reidemeister Theorem, Swiatkowski, [91]). Two front
diagrams represent Legendrian isotopic Legendrian knots in (R3, ξstd) if and only if
they are related by a sequence of Legendrian Reidemeister moves shown in Figure 1.5
and Legendrian planar isotopy, that is, isotopy which does not introduce vertical
tangencies.

Given a sequence of Legendrian Reidemeister moves between two front diagrams,
it is easy to obtain a Legendrian isotopy between the corresponding knots. For
proving the other direction, we need to show that we can make the Legendrian
isotopy between two knots generic, then make local analysis. For a proof see
[79, Appendix B.2.].
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Figure 1.5: Three types of Legendrian Reidemeister moves. For a complete list we
also need some variants of these: there are two versions of the second picture de-
pending on whether the sign of the slope of the other strand is positive or negative.
Moreover, we obtain further variants by rotating these diagrams by 180◦.

1.2.1 Classical invariants and Legendrian simplicity

Classifying Legendrian knots up to Legendrian isotopy is a challenging open
question, since we do not know any complete Legendrian knot invariants. However,
we have some which are effective in distinguishing between some Legendrian knot
types. Besides the underlying smooth knot type, there are two classical numerical
invariants of Legendrian knots: the Thurston-Bennequin number and the rotation
number defined below. Moreover, in Sections 2.1.4 and 1.2.2 we are going to define
two further invariants applied in this work: the Lisca-Ozsváth-Stipsicz-Szabó (LOSS)
Legendrian invariant and ruling invariants.

Before introducing the invariants, we need to observe that Legendrian knots
admit canonical framings:

Definition 1.11. Let L denote a Legendrian knot in (S3, ξstd). The
contact framing is the orthogonal of ξstd along L. Sometimes we consider
the following equivalent of this. Since TpL ⊂ ξstd,p for every p ∈ L, the normal
bundle ν of L intersects ξstd transversally. The line bundle νp ∩ ξstd,p induces a
framing called the Thurston-Bennequin framing of L. If L is null-homologous
in (S3, ξstd), then it also admits a natural framing provided by a Seifert surface of
L, called the Seifert framing.

The Seifert framing does not depend on the chosen Seifert surface. Moreover,
we can generalize this definition to null-homologous knots in arbitrary contact
3-manifold (Y, ξ), see [70, Section 2.1] for a detailed discussion.
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Definition 1.12. For a null-homologous Legendrian knot L, the twisting of the
Thurston-Bennequin framing with respect to the Seifert framing is an integer, the
Thurston-Bennequin number of L, which we denote by tb(L).

Remark 1.13. We often use the following interpretation of the Thurston-Bennequin
number: for a non-zero vector field v in ν ∩ ξ along the null-homologous Legendrian
knot L, let L′ denote the knot obtained by pushing L off in the direction of v. Then
tb(L) = lk(L,L′), the linking of the two knots.

To define the second classical numerical invariant we again assume that the knot
is null-homologous.

Definition 1.14. Let Σ be a Seifert surface of the oriented Legendrian knot L. The
trivialization of ξstd|Σ induces a trivialization of ξstd along L. The winding number
of TL is the rotation number of L which we denote by rot(L).

Remark 1.15. Although the definition depends on the chosen Seifert surface, in
(S3, ξstd) the value of rot(L) does not. On the other hand, reversing the orientation
of L changes the sign of rot(L). For details, consult [38, Section 3.5.].

Both of the above defined numbers are easy to read off from the front projection
of the knot.

Proposition 1.16. [70] Consider the front projection of the Legendrian knot
L ⊂ (R3, ξstd), and let wr(L) be the writhe of the projection, that is, the signed num-
ber of the crossings according to Figure 1.6, let c denote the number of cusps, cd the
number of downward oriented cusps, while cu the number of upward oriented cusps
in the projection. Then

tb(L) = wr(L) − 1
2 · c, and

rot(L) = 1
2 · (cd − cu).

Figure 1.6: A positive and a negative crossing

For the proof, see for example [70, Lemmas 4.2.3. and 4.2.4.].
In light of this and using the Legendrian Reidemeister Theorem, we can easily

check that tb and rot are indeed invariants:
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Proposition 1.17. The Thurston-Bennequin number and the rotation number are
invariant under Legendrian isotopy.

Proof. According to the Legendrian Reidemeister Theorem, it is enough to check
that Legendrian Reidemeister moves do not change tb and rot.
Indeed, using the notations of Figure 1.5, we see that R1 changes the front projection
by an upward oriented and a downward oriented cusp, and one positive crossing.
R2 introduces or cancels a positive and a negative crossing and does not change
the number of cusps. R3 does not affect the number of cusps, nor the writhe. Using
Proposition 1.16, we obtain that in each case, both tb and rot remain the same. □

Moreover, we can check that stabilization changes the Legendrian knot type:

Proposition 1.18. Stabilization changes the classical numerical invariants of a
Legendrian knot L in the following way:

tb(S±(L)) = tb(L) − 1,

rot(S±(L)) = rot(L) ± 1.

Proof. Using Proposition 1.16, we immediately see it from the definition of stabiliz-
ation. □

This is the reason why in Section 3.2 we will search for destabilizations of the
Legendrian knot L when we want to examine maximal tb Legendrian realizations of
its smooth knot type. Fuchs and Tabachnikov [36] proved that using stabilizations,
we can even get the same Legendrian knot from any two Legendrian realizations of
its knot type:

Theorem 1.19 (Fuchs-Tabachnikov, [36]). If L1 and L2 are topologically isotopic
Legendrian knots in (R3, ξstd), then after each have been stabilized some number of
times they will become Legendrian isotopic.

The two classical numerical invariants play a fundamental role in the definition
of Legendrian simplicity, yielding the main question investigated in this thesis.

Definition 1.20. A knot type is Legendrian simple if for any two Le-
gendrian realizations L1 and L2, tb(L1) = tb(L2) and rot(L1) = rot(L2) im-
plies that L1 and L2 are Legendrian isotopic. Otherwise we call the knot type
Legendrian non-simple.

Deciding whether a knot type is Legendrian simple or not is a difficult open
problem. As specified in the Introduction, our knowledge on the classification of
knot types is limited. We know that the unknot [21] and all torus knots and the
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figure eight knot [28] are Legendrian simple. The classification of twist knots is
complete [23], satellite [32], cable knots [31, 92] and connected sums [29] had been
investigated. Moreover, we have examples of Legendrian and trasversely non-simple
knot types [8, 20, 71]. However, we do not know much more so far. In Theorems
2.37 and 2.51 we give new infinite families of Legendrian non-simple knot types.

1.2.2 Ruling invariants

In this section we introduce the notion of Legendrian ruling first studied by
Chekanov, Pushkar [9] and Fuchs [35]. We present some ruling invariants, which
provide useful tools to distinguish Legendrian realizations of a knot and allows us
to compute the maximal tb of a knot type. These simple combinatorial tools will be
essential in the proofs of our main theorems in Chapters 2 and 3.

Definition 1.21. A ruling of a Legendrian front diagram is a one-to-one corres-
pondence between the left and right cusps of the diagram together with a decomposi-
tion of the diagram as the union of pairs of paths joining the corresponding left and
right cusps and satisfying the followings:

• Any two paths meet only at cusps or crossings.

• Every path is smooth away from the double points and never change direction
with respect to x coordinate.

• The interiors of two paths joining corresponding cusps are disjoint, that is,
they meet only at the cusps and their union bounds a topological disk called a
ruling disk.

• At a crossing either the two paths cross transversely or switch from one arc
to the other so that one path lies entirely above the other. The latter type of
crossing is called a switch, which we denote on the knot diagram by a black
dot at the corssing, see Figure 1.7.

If near each switch the ruling disks are locally either disjoint or nested, in other
words, if all the switch crossings are as in Figure 1.7, then we call the configuration a
normal ruling. Figure 1.8 shows switches which are disallowed in a normal ruling,
while in Figure 1.9 we give examples of normal rulings of a Legendrian trefoil.

A ruling of a diagram can be given by indicating which paths form a pair, by
coloring the ruling disks that appear or simply by denoting which crossings are
switches. Observe that this latter way is sufficient, because starting at any left cusp
we can follow the path (uniquely determined by the switch and non-switch corssings)
until the corresponding right cusp, and then follow the other uniquely determined
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path back to the same left cups. Therefore, from now on we will describe rulings
only by denoting which crossings of the diagram are switches.

Figure 1.7: Allowed switches of a normal ruling. Here we only illustrate a neigh-
borhood of a switch crossing. The style of the arcs (continuous or dashed) indicate
which two paths form a pair, i.e. share cusp endpoints. The two ruling disks bounded
by the two pairs of paths are colored by red and yellow striped. Orange stripes on
red background express the intersection of the two ruling disks. In this picture, near
the switch, ruling disks are either disjoint or nested.

Figure 1.8: Switches which are disallowed in a normal ruling. We only illustrate
a neighborhood of a switch crossing. The style of the arcs (continuous or dashed)
indicate which two paths form a pair, i.e. share cusp endpoints. The two ruling disks
bounded by the two pairs of paths are colored by red and yellow striped. Orange
stripes on red background express the intersection of the two ruling disks. In this
picture, ruling disks are neither disjoint nor nested near the switch.

Figure 1.9: Normal rulings for a Legendrian trefoil knot. Black dots at crossings
denote switches. There are two pairs of paths: continuous and dashed, and we colored
the two ruling disks by red and yellow striped (their intersection is red with orange
stripes). Grey rectangles indicate small neighborhoods of switch crossings. We can
see that near each switch, the two ruling disks are locally disjoint, therefore all
switches here are allowed.

The first reason why rulings are of our interest is a strong relationship between
the existence of normal rulings and stabilizations.
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Proposition 1.22. [86] If the front projection of a Legendrian knot admits a normal
ruling, then it maximizes Thurston-Bennequin number within its topological class.

The proof was given by Rutherford [86] and relies on the Kauffman polynomial.
We can refine the notion of normal ruling by introducing a grading on the front

diagram.

Definition 1.23. Consider the front diagram of a Legendrian knot L with rotation
number rot(L). A Maslov potential is a function µ on the front diagram to the
integers modulo 2rot(L) which is locally constant except at cusp points, where it
increases by 1 when turning from the lower arc (with smaller z coordinate) of the
diagram to the upper one.

For each crossing in the front diagram where two strands S1 and S2 meet such
that S1 has more negative slope, we define the Maslov degree of the crossing as
µ(S1) − µ(S2).

Let ϱ be a divisor of 2rot(L). A normal ruling of the front diagram is ϱ-graded
if all switch crossings have Maslov degree divisible by ϱ. For an example, see
Figure 1.10.

Figure 1.10: A 3-graded ruling of a Legendrian front diagram. Black dots indicate
switches and the numbers on the arcs show the Maslov potential. Since the rotation
number of this knot is 0, we can choose ϱ = 3, and we can see that all switch
crossings have Maslov degree 0.

Observe that a 1-graded ruling only requires that all switch crossings have Maslov
degree divisible by 1, which is trivial. Our motivation to examine graded rulings of
front diagrams is the following proposition by Chekanov and Pushkar [9].

Proposition 1.24. [9] Let L denote a Legendrian knot with rotation number rot(L)
and consider any integer ϱ which divides 2rot(L). Then the number of ϱ-graded
rulings of the front diagram of L is an invariant of the Legendrian isotopy class of L.

The idea of the proof is to check the invariance under Legendrian Reidemeister
moves, see [9] for details.
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We will use graded rulings in the proof of Theorem 2.51 to distinguish Legendrian
knots which admit the same number of normal rulings, but different number of
graded rulings.

1.2.3 Contact surgeries

In this section, we briefly recall the idea of the contact surgery procedure point-
ing out the significance of Legendrian knots in contact topology. For a detailed
description see [13] of Ding and Geiges or the book [70] of Ozbagci and Stipsicz.

First of all, we need to define standard neighborhoods of Legendrian knots. By
Theorem 1.4 of Darboux, we know that contact structures locally look like the
standard one on R3. We have the same phenomenon along Legendrian curves: we
can define a standard tubular neighborhood of a Legendrian knot as follows, such
that it is contactomorphic to a canonical contact solid torus.

Consider R2 × S1 with coordinates ((x, y), z) and contact structure
ξ = ker(sin(2πz)dx+ cos(2πz)dy). Then L0 = {((x, y), z) | x = y = 0} is a
Legendrian knot.

The next theorem states that every Legendrian knot has a standard contact
neighborhood, see [38, Corollary 2.5.9.].

Theorem 1.25 (Standard Contact Neighborhood Theorem, Geiges, [38]). Every
neighborhood U of any Legendrian knot L ⊂ (Y, ξ) contains a tubular neighborhood
N(L) which is contactomorphic to a neighborhood of L0. The image of L under this
contactomorphism is L0. We call N(L) the standard contact neighborhood of
L in U .

Consider a Legendrian knot L ⊂ (Y, ξ). We can think of its contact framing as a
canonical 0-framing and associate integers to framings of L by counting right-handed
twists positively. Measuring the surgery coefficient r = p

q
∈ Q \ {0} ∪ {∞} this way

(with p and q coprime integers), we can perform an r-surgery along L as follows.
For a tubular neighborhood νL of L, consider a positively oriented basis (λ, µ)

for H1(∂(νL),Z) ∼= Z⊕Z such that λ is the class of a parallel copy of L induced by
the contact framing and µ is an oriented meridian. Cutting out νL of Y and regluing
it by a diffeomorphism of ∂(νL) which sends µ to pµ+qλ gives the surgered manifold
Yr(L). In the next paragraphs, we show that Yr(L) also admits a contact structure.
For more details, see [70, Section 11.2.] and [14].

For some δ > 0 there exists a contact embedding f : (Nδ, ξn) → (Y, ξ), where
n = tb(L) and Nδ = {((x, y), z)|x2 + y2 ≤ δ} ⊂ R2 × S1 with contact structure
ξn = ker(sin(2πnz)dx + cos(2πnz)dy); such that f({((x, y), z)|x = y = 0}) = L

(see Theorem 1.25).
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Consider N2δ = {((x, y), z)|x2 + y2 ≤ 2δ} ⊂ R2 × S1. We cut out f(Nδ) from
Y and reglue N2δ by a diffeomorphism g : (N2δ \ intNδ) → (N2δ \ intNδ) mapping
boundary to boundary, moreover, on N2δ

∼= T 2 × I mapping the meridian µ to
pµ+ qλ. The following lemma is proved as Proposition 11.2.1. in [70]:

Lemma 1.26. [70] The contact structure (g∗)−1(ξn) extends to a tight contact struc-
ture ζ on N2δ.

We glue N2δ to Y \f(Nδ) by identifying w ∈ N2δ\intNδ with f(g(w)) ∈ Y \f(Nδ).
The manifold we obtain is Y ′ = Yr(L) together with a glued up contact structure ξ′.

Note that the extension of Lemma 1.26 is only unique in case of p = 1. The
essence of this is the classification Theorem 3.30 by Honda, see [70, Chapter 11.]
for details. Furthermore, observe that even if ξ is tight, ξ′ can be overtwisted. The
next theorem ensures that ξ′ does not depend on the choices made throughout the
construction.

Theorem 1.27 (Ding-Geiges, [14]). Fix an extension of (g∗)−1(ξn) to N2δ. Then
the resulting contact structure ξ′ on Y ′ is uniquely defined up to isotopy. If p = 1,
then ξ′ on Y ′ is specified up to isotopy by L and q ∈ Z.

As a corollary, we obtain an important result, see [70, Section 11.2.] for a short
proof.

Theorem 1.28 (Martinet, [66]). Every 3-manifold admits a contact structure.

Another motivation to study contact surgeries and Legendrian knots is the fol-
lowing theorem by Ding and Geiges, see [14, Theorem 1.].

Theorem 1.29 (Ding-Geiges, [14]). Any closed, connected contact 3-manifold can
be obtained by contact (±1)-surgery along a Legendrian link in (S3, ξstd).

Next, we recall a technical lemma by Ding and Geiges that will be necessary to
prove our lower bound Theorem 2.37 in Chapter 2.

Lemma 1.30 (Cancellation Lemma, Ding-Geiges, [13]). Consider a Legendrian knot
L ⊂ (Y, ξ) and let L′ denote the Legendrian knot we obtain by pushing L off along its
contact framing. Let (Y ′, ξ′) be the contact manifold we obtain by performing a con-
tact (−1)-surgery on L and a (+1)-surgery along L′. Then the contact 3-manifolds
(Y, ξ) and (Y ′, ξ′) are contactomorphic. Let ν(L) denote a tubular neighborhood of L
which contains the neighborhoods of L and L′ used in the surgeries defining (Y ′, ξ′).
Then the contactomorphism ρ : (Y, ξ) → (Y ′, ξ′) can be chosen so that ρ|Y \ν(L)

is the
identity.
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The idea of the proof is to consider a neighborhood N of L which contains L′,
observe that the two surgeries do not change the topological type of N . One can
show that after the surgeries the contact structure on N is tight. It turns out that
it is enough to check the case when L is an unknot in (S3, ξstd), see Proposition 8.
in [13] or Lemma 11.2.6. in [70] for the proof.

1.3 Transverse knots

There is another notable type of knots in contact 3-manifolds, which is usually
treated together with Legendrian knots.

Definition 1.31. A transverse knot T is an embedded S1 such that TqT ⋔ ξq for
every q ∈ T .

Transverse knot theory can be built up parallel with Legendrian since most defin-
itions and results have their analogues. In this work, we concentrate on Legendrian
knots, hence do not introduce the corresponding transverse theory in details, only
mention the most important properties. Unless otherwise stated, we consider trans-
verse knots in (R3, ξstd).

Observe that a transverse knot T ⊂ (R3, ξstd) inherits an orientation from the
contact plane field: A tangent vector of T is positive if the 1-form α has positive
value on it. Then we say that T is a positive transverse knot. If the orientation of T
is the opposite, then it is a negative transverse knot. If not emphasized, we refer to
positive transverse knots.

Definition 1.32. A transverse isotopy is an isotopy φ : S1 × [0, 1] → R3 such
that φ|S1×t

is transverse for every t ∈ S1.

The classical numerical invariant of transverse knots is the self-linking number.
We only define this for null-homologous knots. Furthermore, note that transverse
knots admit a natural orientation induced by the co-orientation of the contact struc-
ture.

Definition 1.33. Let Σ be a Seifert surface of the oriented transverse knot
T ⊂ (R3, ξstd). Since ξ|Σ is trivial, we can find a nonzero vector field v over Σ in ξ.
Let T ′ denote the knot we obtain by pushing T in the direction of v. Then the
self-linking number of T is the linking lk(T, T ′) of T and T ′. We denote it
by sl(T ).

We can consider the front projection of transverse knots. However, unlike in
the Legendrian case, we cannot uniquely recover the transverse knot from its front
diagram.
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Just like in the Legendrian case, the classification problem of transverse knots
up to transverse isotopy is unsolved in general. It is also an interesting question if
the self-linking number determines a transverse knot type up to transverse isotopy.

Definition 1.34. A knot type is transversely simple if for any two transverse
realizations T1 and T2, sl(T1) = sl(T2) implies that T1 and T2 are transverse isotopic.
Otherwise we call the knot type transversely non-simple.

The unknot [19] and torus knots [24] are transversely simple. The first trans-
versely non-simple knot type was found by Etnyre and Honda [30], the (2, 3)-cable
of the (2, 3) torus knot. Now we know further transversely non-simple knot types
due to Birman and Menasco [5], Vértesi [94], Ozsváth and Stipsicz [71] and the
transverse classification of transverse twist knots by Etnyre, Ng and Vértesi [23]. In
Theorem 2.38 we also give an infinite family of transversely non-simple knot types.

There is a strong relationship between Legendrian and transverse knot types:

Definition 1.35. We can isotope any Legendrian knot L by pushing it in the y
direction to s:obtain a transverse knot, called the transverse push-off of L. We
say that a Legendrian knot is a Legendrian approximation (or Legendrian
push-off) of the transverse knot T if its transverse push-off is transversely isotopic
to T .

Proposition 1.36. [79] The correspondence between the classical numerical invari-
ants of a Legendrian knot L and its transverse push-off T is

sl(T ) = tb(L) − rot(L).

The idea of the proof is to examine the front projections and notice that taking
the transverse push-off introduces Reidemeister moves of type R1 at downwards
cusps, see [79, Lemma 12.5.10.] for details.

Furthermore, the next theorem of Epstein, Fuchs and Meier [22, Theorem 2.1]
specifies the correspondence between Legendrian and transverse knots.

Theorem 1.37 (Epstein-Fuchs-Meyer, [22]). Every transverse knot type can be
realized as the transverse push-off of some Legendrian knot type. Two oriented
Legendrian knots become Legendrian isotopic after some number of negative sta-
bilizations if and only if their transverse push-offs are transversely isotopic.

From the above results one can prove that a transversely non-simple knot type
is also Legendrian non-simple, while the converse is not true: there are Lengendrian
non-simple knot types which are transversely simple, see [28]. Moreover, Etnyre
and Honda [29] showed that the connected sum of transversely simple knot types
is always transversely simple, while the connected sum of Legendrian simple knot
types need not be Legendrian simple.
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2. Lower bound

The aim of this chapter is to introduce our results which provide lower bounds
on the number of Legendrian realizations of some knot types. Our main achieve-
ments are Theorem 2.37 and Theorem 2.38, which present new infinite families of
Legendrian and transversely non-simple knot types. Moreover, we show some fur-
ther examples of Legendrian non-simple knot types by giving an algorithm and a
sufficient condition.

Since our proofs rely on knot Floer theory, in Section 2.1 we first set up the
necessary background, and define our main tools such as the contact invariant in
Section 2.1.2, the Legendrian invariant in Section 2.1.4 and distinguished triangle
of knots in Section 2.1.5. Then, in Section 2.2, we state and prove our lower bound
theorems. These results have been published in [34].

2.1 Preliminaries in knot Floer theory

Heegaard Floer homology was defined by Ozsváth and Szabó [75] in the early
2000s, and serves as an invariant of closed, oriented 3-manifolds. Knot Floer theory,
introduced by Ozsváth and Szabó [73] and independently by Rasmussen [82] in 2003
is a variant of Heegaard Floer theory. It provides an invariant of knots and links in
3-manifolds.

The main tools we use in the proof of our lower bound Theorem 2.37 are the
contact invariant in Heegaard Floer homology and the Legendrian invariant in knot
Floer homology. Our plan is to define these invariants in Sections 2.1.2 and 2.1.4.
For this reason, we first summarize the basic definitions of Heegaard Floer and
knot Floer theory. Detailed introductions are in [48, 78] for Heegaard Floer and in
[64, 79, 80] for knot Floer theory.

2.1.1 Heegaard Floer homologies

We start by recalling the definition of a Heegaard diagram.

Definition 2.1. A closed, oriented, genus g surface Σ together with two g-tuples
of homologically linearly independent, pairwise disjoint curves α = {α1, ...αg} and
β = {β1, ...βg} form a Heegaard diagram (Σ,α,β). We call Σ the Heegaard
surface.
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From a Heegaard diagram we can build a closed, oriented 3-manifold Y by taking
a 0-handle and gluing 1-, 2- and 3-handles so that the α curves are the belt circles of
the 1-handles and the β curves are the attaching circles of the 2-handles. After these,
there is a unique 3-handle to glue. We can obtain every closed, oriented, connected
3-manifold in such a way [89].

Definition 2.2. An oriented 3-manifold with boundary which is built up by gluing
3-dimensional 1-handles to a 0-handle (that is, a 3-ball) is an oriented handlebody.

Figure 2.1: Torus with a pair of α and β curves

If two Heegaard diagrams specify the same 3-manifold, then they can be connec-
ted by some standard moves [78, 84, 87, 89]. These are the following: isotopy of the
α and the β curves such that for an isotopy f : Σ → Σ, the images f(αi)∩f(αj) = ∅
for i ̸= j ∈ {1, ...g} and similarly, f(βi) ∩ f(βj) = ∅ for i ̸= j ∈ {1, ...g} (but the
image of an α curve might intersect the image of a β curve); stabilization of the
Heegaard diagram by taking its connected sum with the 2-torus and α, β on it, as
in Figure 2.1; and sliding α curves over α curves, or β curves over β curves. This
means that we choose two curves, say α1 and α2, and replace α1 with another simple
closed curve α′

1 which is also disjoint from the other α curves with the property that
α1, α′

1 and α2 bound an embedded pair of pants in Σ − {α3, ..., αg}, see Figure 2.2
for an example. Together we call these Heegaard moves.

Figure 2.2: Sliding α1 over α2

Fixing a basepoint w on Σ \ (α∪β) we get a pointed Heegaard diagram. To this,
we associate a chain complex, as follows. For simplicity, we restrict our attention to
the case where Y is a rational homology sphere. (Although the theory is defined for
any Y , in most cases we will work with Y = S3.)
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Let H = (Σ,α,β, w) be a genus g pointed Heegaard diagram for Y . We can
consider two smoothly embedded g-tori in the g-fold symmetric product Symg(Σ)
of Σ, namely:

Tα = α1 × ...× αg and Tβ = β1 × ...× βg.

Without loss of generality we can assume that α and β intersect transversely in
Σ, thus so do Tα and Tβ in Symg(Σ). The intersection points Tα ∩ Tβ are called
Heegaard states and we denote their set by S(H). Let ĈF(Y ) be the finite dimen-
sional vector space over the field F = Z⧸2Z generated by S(H).

We can equip this with a differential to get a chain complex. To do so, we need a
complex structure on Σ which naturally induces a complex structure J on Symg(Σ).
The differential counts holomorphic disks:

Definition 2.3. Let x,y ∈ S(H). A holomorphic strip connecting x and y is a
continuous map u : [0, 1] × R → Symg(Σ) satisfying the following conditions:

• u({1} × R) ⊂ Tα,

• u({0} × R) ⊂ Tβ,

• The one-parameter family of paths u[0,1]×t converges uniformly to the constant
path at x as t → −∞, and to the constant path at y as t → ∞,

• u is holomorphic in the sense that it satisfies the Cauchy-Riemann equations:

∂u

∂s
+ J

∂u

∂t
= 0, where J =

0 −1
1 0

 .

Figure 2.3: A holomorphic disk

Since the strip [0, 1] × R is conformally equivalent to the unit disk, we can
identify holomorphic strips with holomorphic disks. Therefore, we use these notions
interchangeably.
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A Whitney disk is a map that satisfies the first three conditions of Definition 2.3.
We will denote the space of homotopy classes of Whitney disks by π(x,y).

To define the differential, we need to introduce some further notations: The
base point w ∈ Σ gives rise to a real codimension 2, oriented submanifold
Vw = {w} × Symg−1Σ in SymgΣ. Consider the map nw : π(x,y) → Z which counts
the algebraic intersection number of a generic holomorphic disk representing a class
ϕ ∈ π(x,y) with the submanifold Vw. Let us denote the moduli space of holomorphic
representatives the class ϕ by M(ϕ). There is an action of R on M(ϕ) given by the
automorphisms of the unit disk that fix i and −i. We can see this by identifying
the unit disk with the holomorphic strip [0, 1] × R, and consider the action of R on
M(ϕ) induced by vertical translation of the strip. We can precompose any element
of M(ϕ) with any of these automorphisms and get another holomorphic disk. In the
definition of the differential we want to count holomorphic disks. Therefore, we take
M(ϕ) up to the above R action. Finally, we consider a function µ : π(x,y) → Z
which measures the expected dimension of M(ϕ), and call it the Maslov index of
the homotopy classes, see [33, 85]. Now we can formulate the differential:

∂̂x =
∑

y∈S(H)

∑
{ϕ∈π(x,y)|µ(ϕ)=1,nw(ϕ)=0}

#
(

M(ϕ)
R

)
y.

Here we count points modulo 2, thus the homology groups will be over F = Z⧸2Z.
The chain complex (ĈF(Y ), ∂̂) is graded with a function M : S(H) → Z, called

the Maslov grading. For x,y ∈ S(H) and ϕ ∈ π(x,y), it satisfies

M(x) −M(y) = µ(ϕ) − 2nw(ϕ),

which equation determines M up to an overall additive constant. Note that in S3

(which we are most interested in), M can be given uniquely by requiring that the
1-dimensional homology is supported in Maslov grading 0 [48, 79].

To introduce a splitting of the homology, we need to define spinc structures,
which now we discuss relying on [15, Chapter 2] and [70, Chapter 14].

Definition 2.4. Let v1 and v2 be two nowhere vanishing vector fields on an oriented
3-manifold Y . We say that v1 and v2 are homologous if v1 is homotopic to v2

(through nowhere vanishing vector fields) outside a ball B3 ⊂ Y . A spinc structure
on Y is an equivalence class of homologous vector fields. We denote the set of all
spinc structures by Spinc(Y ).

Remark 2.5. We can generally define spinc structures for n-dimensional manifolds.
For the definitions, de reader is referred to [70, Chapter 6.] and [15].
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To a contact structure ξ on the 3-manifold Y , we can naturally associate a spinc

structure: the equivalence class of the positively oriented normal vector field. This we
denote by sξ. Moreover, a Heegaard state x ∈ S(H) and the base point w determine
a spinc structure on Y , see [70, Chapter 14.2] for the detailed correspondence.

In particular, the chain complex splits as

(ĈF(Y ), ∂̂) =
⊕

s∈Spinc(Y )
(ĈF(Y, s), ∂̂),

and gives rise to the Heegaard Floer homology of Y :

ĤF(Y ) =
⊕

s∈Spinc(Y )
ĤF(Y, s),

where ĤF(Y ) denotes the homology of (ĈF(Y ), ∂̂).
The next fundamental result is part of [75, Theorem 1.1.].

Theorem 2.6 (Ozsváth-Szabó, [75]). For a closed, oriented 3-manifold Y with a
spinc structure s, the homology groups ĤF(Y, s) are independent of the choices made
in their definition.

2.1.2 The contact invariant

In 2002, Ozsváth and Szabó [76] introduced their contact class in Heegaard Floer
homology. Here we present the construction of [54] and [59], which is based on open
book decompositions. Therefore, we first recall the basic notions and show how an
open book decomposition specifies a Heegaard diagram.

Definition 2.7. Let B be a link in a 3-manifold Y and suppose that Y \ B ad-
mits a fibration π : Y \ B → S1 such that the fibers are interiors of Seifert
surfaces of B. Then (B, π) is an open book decomposition of Y . We call the
link B the binding, the closure of the fibers pages and the monodromy π of the
fibration the monodromy of the open book decomposition.

In 1923, Alexander [2] proved that every closed and oriented 3-manifold admits
an open book decomposition. As we work with contact 3-manifolds, we need a re-
finement of the above classical construction:

Definition 2.8. Let (Y, ξ) be a contact 3-manifold. An open book decomposition of Y
is compatible with ξ if the contact structure can be represented by a contact form
α such that dα is a volume form on every page and the binding is a transverse link
whose orientation induced by α agrees with the boundary orientation of the pages.
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In Theorem 2.10 we summarize some important results of Giroux [45] on
the correspondence of compatible open book decompositions and contact struc-
tures. To this, we need the following definition. For a more detailed version see
[70, Definition 9.1.8.].

Definition 2.9. A positive stabilization of an open book decomposition means
attaching a 1-handle to a page and composing the monodromy with a right-handed
Dehn twist along a curve which goes over the newly attached 1-handle exactly once.

Theorem 2.10 (Giroux, [45]). Every closed contact 3-manifold admits a compatible
open book decomposition. For a given open book decomposition of a closed contact
3-manifold Y there is a compatible contact structure on Y . Any two contact struc-
tures compatible with a given open book decomposition are isotopic. Conversely, any
two open book decompositions compatible with a fixed contact structure admit com-
mon positive stabilization.

See also [70, Section 9.2.] for a detailed survey on open book decompositions and
contact structures.

Now we are ready to recall the construction of the contact invariant. Let (Y, ξ)
be a contact 3-manifold with a compatible open book decomposition (B, π). The
open book decomposition provides a Heegaard diagram. In what follows, we show
the construction of such a diagram, then describe a generator element in ĤF (−Y )
which enables us to define the contact invariant c(Y, ξ).

Starting from the open book decomposition, we can obtain the Heegaard surface
as the union of two pages of the open book decomposition: Σ = P+1 ∪BP−1. Then for
i = 1, ..., n, choose pairwise disjoint cutting arcs ai in P+1 such that they represent
a basis of H1(P+1, ∂P+1). In other words, if we cut P+1 open along the ai arcs, then
the result is a disk. For each i, let bi be an arc in P+1 which is isotopic to ai so that
the endpoints of ai are isotoped along ∂P+1 in the direction given by the boundary
orientation. This way ai, and bi intersect transversely at one point as in Figure 2.4,
but if i ̸= j, then bi is disjoint from aj.

Figure 2.4: The cutting arcs ai and bi
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Let αi of the Heegaard diagram be the union of ai and its image on P−1 under the
identity map, while βi the union of bi and its image on P−1 under π, the monodromy
of the open book decomposition regarded as a map from P+1 to P−1.

Observe that P+1 \ (⋃n
i=1{ai} ∪ ⋃n

i=1{bi}) has 2n+ 1 components. Of these, there
are 2n (two such components for each index i) whose boundary consists of an arc ai,
an arc bi, and an arc in ∂P+1. In addition, there is one component whose boundary
has a part on every ai and bi. Put a base point w in this latter connected component.

Definition 2.11. With the notations from the above construction, let
α = {α1, ..., αn} and β = {β1, ..., βn}. Then we say that the pointed Heegaard dia-
gram (Σ,α,β, w) is adapted to the open book decomposition (B, π).

Now consider the above constructed pointed Heegaard diagram (Σ,α,β, w) ad-
apted to (B, π). Following [59], we reverse the roles of α and β. This way we obtain
the Heegaard diagram (Σ,β,α, w) for −Y . Our motivation to do so is that now the
intersection point x = (a1 ∩ b1, ..., an ∩ bn) ∈ S(H) is a cycle in (ĈF(−Y ), ∂̂), thus it
defines a homology class yielding our desired invariant (see also [59, Theorem 2.11]
and [54, Theorem 3.1]):

Definition 2.12. The homology class c(Y, ξ) ∈ ĤF(−Y ) represented by x is the
contact invariant of (Y, ξ).

Theorem 2.13 (Honda-Kazez-Matić, [54], Lisca-Ozsváth-Stipsicz-Szabó, [59]).
c(Y, ξ) ∈ ĤF(−Y ) is independent of the chosen basis and open book decomposition.
Therefore it is an invariant of (Y, ξ).

2.1.3 Knot Floer homologies

Our next aim is to sum up the basics of knot Floer homology, mostly following
[79] and [80]. The definitions are similar to the ones we discussed in Heegaard Floer
homology, Section 2.1.1. The main difference is that now we also consider a knot in
the examined 3-manifold, and obtain an invariant for the pair.

Let Y be a closed, oriented, connected 3-manifold.
Consider a Heegaard decomposition (Σ,α,β) for Y . Using this, we can split Y

into two oriented handlebodies Uα and −Uβ based on the sets α and β so that the
attaching circles αi and βi bound mutually disjoint embedded disks in Uα and −Uβ,
respectively.

Fixing two base points z and w on Σ \ (α∪β), we get a doubly pointed Heegaard
diagram. Such an object always determines an oriented knot in Y as follows. Connect
z to w by a smoothly embedded arc in Uα such that it is unknotted in the following
sense: the complement of the attaching disks for the αi in Uα is a 3-ball; w and z

specify two points on the boundary of this 3-ball, and the path connecting them is
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an arc in this 3-ball which is isotopic to an embedded arc of the boundary. Similarly,
connect w to z by a smoothly embedded, unknotted arc in Uβ. The union of these
two connecting arcs in the handlebodies forms a knot in Y .

We can define Heegaard moves also for doubly pointed Heegaard diagrams by
slightly modifying the original definitions. A doubly pointed isotopy of the α (or β)
curves is an isotopy f which avoids w and z and keeps disjointness in the sense that
for i ̸= j ∈ {1, ..., g}, the images f(αi)∩f(αj) = ∅ (or analogously, f(βi)∩f(βj) = ∅).
At a doubly pointed handleslide neither w nor z is in the pair of pants bounded by
the curves participating in the slide. Stabilization of the Heegaard diagram works
the same as before. With these, the following theorem holds.

Theorem 2.14 (Ozsváth-Szabó, [73]). Every pair (Y,K) where Y is a closed, ori-
ented, connected 3-manifold and K ⊂ Y is a knot can be represented by a doubly
pointed Heegaard diagram (Σ,α,β, w, z). Moreover, if two doubly pointed Heegaard
diagrams specify the same (Y,K) pair, then they can be connected by a sequence of
doubly pointed Heegaard moves.

For the first part of the statement, in case Y = S3, there is an algorithm which
uses the knot projection to construct a doubly pointed Heegaard diagram, see for
example [48, Section 1.3.]. The proof of the second part is in [73, Proposition 3.5.].

From now on, we assume that Y is a rational homology sphere. Next, we define
a chain complex. Let K be a knot in Y , and H = (Σ,α,β, w, z) a genus g doubly
pointed Heegaard diagram for (Y,K). We use the notations of Section 2.1.1. Consider
the finite dimensional vector space ĈFK(Y,K) over the field F (again, we only work
with F = Z⧸2Z) generated by Heegaard states S(H).

Again, the differential counts holomporphic disks. But since now we deal
with two base points, besides Vw and nw, we also need the oriented submanifold
Vz = {z} × Symg−1Σ in SymgΣ, and the map nz : π(x,y) → Z which counts the
algebraic intersection number of a generic holomorphic disk representing a class
ϕ ∈ π(x,y) with the submanifold Vz. Then

∂̂Kx =
∑

y∈S(H)

∑
{ϕ∈π(x,y)|µ(ϕ)=1,nw(ϕ)=nz(ϕ)=0}

#
(

M(ϕ)
R

)
y.

The chain complex (ĈFK(Y,K), ∂̂K) is bigraded with Maslov and Alexander
gradings M,A : S(H) → Z, determined by the following properties. For x,y ∈ S(H)
and ϕ ∈ π(x,y),

M(x) −M(y) = µ(ϕ) − 2nw(ϕ),

A(x) − A(y) = nz(ϕ) − nw(ϕ).
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The differential drops the Maslov grading by 1 and preserves the Alexander
grading. Thus we have

ĈFK(Y,K) =
⊕

d,s∈Z
ĈFKd(Y,K, s), with

∂̂K : ĈFKd(Y,K, s) → ĈFKd−1(Y,K, s).

Remark 2.15. We can observe that there is a strong relationship between the Hee-
gaard Floer and the knot Floer complexes. Here we started with a doubly pointed
Heegaard diagram instead of a pointed one. We can also obtain the definition of the
differential ∂̂ from ∂̂K by dropping the nw(ϕ) = 0 requirement. This way it does not
depend on the knot anymore.

Definition 2.16. The homology of the chain complex (ĈFK(Y,K), ∂̂K) is a bigraded
F-vector space, called the knot Floer homology of (Y,K):

ĤFK(Y,K) =
⊕

d,s∈Z
ĤFKd(Y,K, s).

Remark 2.17. Knot Floer homology can be defined for general 3-manifolds (not
only for rational homology spheres). However, in the general setup the homology
might not be Z-graded, see [73] for the details.

The significance of the above definitions is the next theorem:

Theorem 2.18 (Ozsváth-Szabó, [73]). The knot Floer homology ĤFK(Y,K) is an
invariant of the knot K ⊂ Y .

There are several versions of knot Floer homology. The above defined ĤFK(Y,K)
is usually referred to as the hat version. In Section 2.2 we will also use the following
refinement:

Let the chain complex CFK−(Y,K) be a module over the polynomial algebra
F[U ], freely generated by S(H). Equip it with the differential

∂−
Kx =

∑
y∈S(H)

∑
{ϕ∈π(x,y)|µ(ϕ)=1,nz(ϕ)=0}

#
(

M(ϕ)
R

)
Unw(ϕ)y.

Observe that the specialization U = 0 recaptures (ĈFK(Y,K), ∂̂K). We can
extend the Maslov and the Alexander grading so that multiplication by U drops
the Maslov grading by 2 and the Alexander grading by 1. Thus the homology of
(CFK−(Y,K), ∂−

K) is a bigraded F[U ]-module we denote by HFK−(Y,K). This is
again invariant of K ⊂ Y , see [73] for details.
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Remark 2.19. Although not mentioned in Section 2.1.1, there exist also more ver-
sions of Heegaard Floer homology. For example, in a similar way, we can define
HF−(Y ), see [75, 78].

2.1.4 The Legendrian invariant

The purpose of this section is to recall the construction of the Legendrian
invariant (also known a the LOSS invariant) introduced by Lisca, Ozsváth, Stipsicz
and Szabó [59]. The definition is very similar to the construction in Section 2.1.2,
but here we have to take care of the chosen Legendrian knot L in the 3-manifold Y .
Our goal is to describe a generator element in HFK−(−Y, L) which enables us to
define the Legendrian invariant L(L).

Let (Y, ξ) be a contact 3-manifold with a compatible open book decomposition
(B, π). Consider a Legendrian knot L ⊂ (Y, ξ) which is homologically essential
on one of the pages of the open book decomposition. Such a choice is possible
due to [62, Theorem 2.], the algorithm of Akbulut and Ozbagci [1], together with
[81, Proposition 4.].

As in Section 2.1.2, the open book decomposition provides a Heegaard dia-
gram, but now we also have to pay attention to the Legendrian knot L: we can
choose cutting arcs ai (i = 1, ..., n) in P+1, such that only a1 intersects L in a
single transversal point. Moreover, now we need to pick a second base point z in
order to obtain a doubly pointed Heegaard diagram. Recall that to define the con-
tact invariant, we fixed the single base point w in the connected component of
P+1 \ (⋃n

i=1{ai} ∪ ⋃n
i=1{bi}) whose boundary has a part on every ai and bi. Now we

put z in one of the two components whose boundary only meets a1 and b1 and an
arc in ∂P+1. To chose between the two such regions, we need to check orientations
as follows. Observe that similarly to our method in Section 2.1, connecting the base
points (z to w in the complement of {a1}, then w to z in the complement of {bi}) we
get an oriented knot in P+1 smoothly isotopic to L. This way, we can orient L. Note
that this orientation depends on the chosen region between a1 and b1 where we put
the base point. We place z in the component whose induced orientation coincides
with the given orientation of L, see Figure 2.5.

Definition 2.20. The doubly pointed Heegaard diagram (Σ,α,β, w, z) constructed
above is adapted to the open book decomposition (B, π) and the Legendrian knot
L ⊂ (Y, ξ).

In Section 2.1.3 we saw that properly connecting the two base points of a doubly
pointed Heegaard diagram we obtain a smooth knot type in P+1 unique up to isotopy
in P+1. Lisca, Ozsváth, Stipsicz and Szabó proved that in the above construction, this
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Figure 2.5: Choosing the region of the base points

smooth isotopy class on the page of the open book decomposition uniquely determ-
ines a Legendrian knot in (Y, ξ) up to Legendrian isotopy, see [59, Theorem 2.7.].

Now consider the above constructed doubly pointed Heegaard diagram
(Σ,α,β, w, z) adapted to (B, π) and L ⊂ (Y, ξ). Following the conventions of
[54, 59, 71], we again reverse the roles of α and β for technical reasons. Observe that
this procedure also reverses the orientation of L. Since we want to keep its original
orientation, we switch the role of w and z as well. This way we obtain the Heegaard
diagram (Σ,β,α, z, w), and now the intersection point x = (a1∩b1, ...an∩bn) ∈ S(H)
is a cycle in (CFK−(−Y, L), ∂−

K).

Definition 2.21. The homology class L(L) ∈ HFK−(−Y, L) represented by x is the
Legendrian invariant of L.

As its name suggests, L(L) is independent of the chosen open book decomposition
and the basis {ai, ..., an}. If L1 and L2 are Legendrian isotopic Legendrian knots,
then there is an automorphism ϕ : HFK−(−Y, L1) → HFK−(−Y, L2) such that
ϕ(L(L1)) = L(L2). Therefore, the Legendrian invariant L(L1) is defined up to iden-
tification of HFK−(−Y, L1) with HFK−(−Y, L2). According to [59, Theorem 1.1.]:

Theorem 2.22 (Lisca-Ozsváth-Stipsicz-Szabó, [59]). The element L(L) is an in-
variant of the oriented Legendrian knot L taking its values in the graded module in
HFK−(−Y, L) modulo its graded automorphisms.

Juhász, Thurston and Zemke [55] proved the naturality of the Legendrian invari-
ant by verifying that all versions of Heegaard Floer homology are natural, that is,
assign concrete groups to each 3-manifold with a base point. Moreover, Ozváth and
Stipsicz [71] showed that the Legendrian invariant behaves nicely under the change
of the contact 3-manifold by contact (+1)-surgery.

Theorem 2.23 (Ozsváth-Stipsicz, [71]). Let L, S ⊂ (Y, ξ) be two disjoint Le-
gendrian knots, and suppose L is null-homologous and oriented. Perform contact
(+1)-surgery along S, and denote the obtained contact 3-manifold by (Y ′, ξ′). Let L′

be the Legendrian knot L viewed in (Y ′, ξ′), and suppose L′ is null-homologous in Y ′.
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This surgery gives rise to maps

FS,s : HFK−(−Y, L) → HFK−(−Y ′, L′),

where s is a spinc structure on the cobordism from Y to Y ′. There is a unique s for
which

FS,s(L(L)) = L(L′),

and for all other spinc structures FS,s is trivial on L(L).

For the proof see [71, Theorem 1.1.]. Note that the condition that L′ is null-
homologous in Y ′ holds if the linking number of L and S is zero.

The significance of the above result is that we can easily compute L in some cases.
As an application, we can distinguish some Legendrian non isotopic Legendrian
knots which are in the same smooth knot type with equal classical numerical in-
variants. After [71, Theorem 1.3.], we will also implement this idea in the proof of
Theorem 2.37.

L is also invariant under negative stabilization. Consequently, we can analogously
define an invariant of transverse knots. For details, see [59, Theorem 1.5.].

Theorem 2.24 (Lisca-Ozsváth-Stipsicz-Szabó, [59]). Let T ⊂ (Y, ξ) be a transverse
knot, and L a Legendrian approximation of T . Then the element L(L) is an invariant
of the transverse isotopy class of T and we call it the transverse invariant T (T ).

Ozsváth and Stipsicz verified the result of Theorem 2.23 also for T , see
[71, Corollary 1.2.].

Although we defined the invariants up to automorphisms of HFK−(−Y, L),
sometimes we need even finer structures to distinguish between two Legendrian
or transverse knot types. In what follows, we show that we can lift both the Le-
gendrian and the transverse invariant from HFK−(−Y, L)⧸Aut(HFK−(−Y, L)) to
HFK−(−Y, L)⧸(±MCG(Y, L)), where MCG(Y, L) denotes the mapping class group
of a knot complement.

Definition 2.25. Let K ⊂ Y be a knot and Diff+(Y,K) the space of orientation
preserving diffeomorphisms of Y that fix K pointwise. Denote by Diff+

0 (Y,K) the
connected component of the identity map in Diff+(Y,K). Then the mapping class
group of the knot complement is

MCG(Y,K) = Diff+(Y,K)⧸Diff+
0 (Y,K).
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According to [59, Theorem 6.6.], there is a well-defined action of the mapping
class group of MCG(Y,K) on knot Floer homology. Using this, we have the following,
proved as Theorem 2.4. in [71] together with its analogue for transverse knots and
the transverse invariant.

Theorem 2.26 (Ozsváth-Stipsicz, [71]). If L ⊂ (Y, ξ) is a null–homologous Le-
gendrian knot, then the invariant L(L), takes values in HFK−(−Y, L)⧸±MCG(Y, L).
That is, if L1 and L2 are Legendrian realizations of the same knot type K whose
invariants L lie in different orbits in HFK−(−Y,K) under the group generated by
multiplication by −1 and the mapping class group action of the knot complement,
then L1 and L2 are not Legendrian isotopic.

Remark 2.27. Instead of HFK−(−Y,K), we can also regard the homology class
represented by x in ĤFK(−Y,K). This gives rise to L̂(L), which is again invariant
of the oriented Legendrian knot L. In the proof of Theorem 2.37, we will also use
this version. The above theorems also hold in this case. For example, also L̂(L) can

be lifted to ĤFK(−Y, L)⧸±MCG(Y, L).

There is a useful correspondence between the contact and the Legendrian invari-
ant. In the following two theorems, we collect some important properties. For the
proofs we refer to [76, Theorem 1.4.] and [59, Theorem 1.2.].

Theorem 2.28 (Ozsváth-Szabó, [76]). If the contact 3-manifold (Y, ξ) is over-
twisted, then c(Y, ξ) = 0.

Theorem 2.29 (Lisca-Ozsváth-Stipsicz-Szabó, [59]). Let (Y, ξ) be a contact
3-manifold. If c(Y, ξ) does not vanish, then for any oriented Legendrian knot
L ⊂ (Y, ξ), the Legendrian invariant L(L) ̸= 0. If c(Y, ξ) = 0, then for d large
enough, Ud · L(L) vanishes.

The proof of the second theorem uses the observation of the next lemma. We
will also refer to this statement in the proof of Theorem 2.37. See [59, Theorem 1.2.
and Lemma 2.10.].

Lemma 2.30. [59] The natural chain map f : CFK−(−Y, L) → ĈF(−Y ) given by
setting U = 1 induces a map F : HFK−(−Y, L) → ĤF(−Y ). This induced map
sends the Legendrian invariant to the contact invariant: F (L(L)) = c(Y, ξ.)

2.1.5 Distinguished triangle of knots

The proof of our lower bound Theorem 2.37 relies on a distinguished triangle
of knots. In the present section, we introduce this technical notion and show its
correspondence to knot Floer homologies. We mainly follow Section 2.3. in [71].
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Consider a 3-manifold Y and a knot C ⊂ Y with a framing f . Let Yf (C) de-
note the 3-manifold we obtain by doing surgery on Y along C with framing f .
We can specify the triple (Y,C, f) with a Heegaard triple (Σ,α,β,γ) where
(Σ,α,β) represents Y , while (Σ,α,γ) represents Yf (C). Ozsváth and Szabó showed
[77, Theorem 1.1.] that by counting holomorphic triangles in Symg(Σ) with bound-
aries on the g-dimensional tori Tα, Tβ and Tγ, and choosing a cycle in the chain
complex of (Σ,β,γ) we can obtain a map F̂C : ĤF(Y ) → ĤF(Yf (C)) which is
independent of the choices.

Now let µ denote a meridian of C. We can think of f +µ as another framing and
produce Yf+µ(C) by surgery. We can also obtain Yf+µ(C) by doing surgery on Yf (C)
along a knot C ′ ⊂ Yf (C) with framing −1, where C ′ is a meridian of C. Moreover,
by doing surgery on Yf+µ(C) along a knot C ′′ ⊂ Yf+µ(C) with framing −1, where
C ′′ is a meridian of C ′ we can get back the original manifold Y .

Definition 2.31. For a 3-manifold Y , a knot C ⊂ Y with meridian µ and a framing
f , we say that the triple of 3-manifolds (Y, Yf (C), Yf+µ(C)) forms a distinguished
triangle.

An important theorem is that the induced maps F̂C , F̂C′ and F̂C′′ fit into an
exact triangle [74], see also [70, Theorem 14.3.2.].

We can refine the above notions for knot Floer homologies: Consider a null-
homologous knot K ⊂ Y \ C (note that this implies that the linking num-
ber of K with C is trivial), and observe that K naturally induces a knot
K ′ ⊂ Yf (C). Similarly as above, according to [73, Theorem 4.4.] we can obtain a
map F̂C : ĤFK(Y,K) → ĤFK(Yf (C), K ′) which is again independent of the choices.
Likewise, with a meridian µ of C, K induces a knot K ′′ in Yf+µ(C).

Definition 2.32. Consider a 3-manifold Y , a framed knot C ⊂ Y with meridian µ

and framing f , and a null-homologous knot K ⊂ Y \ C. The knot K naturally
induces a knot K ′ ⊂ Yf (C) and a knot K ′′ ⊂ Yf+µ(C). We say that the triple
of knots

(
(Y,K), (Yf (C), K ′), (Yf+µ(C), K

′′)
)

forms a distinguished triangle of
knots.

Observe that the roles of the three 3-manifolds in a distinguished triangle, and
similarly, the roles of the knots in a distinguished triangle of knots are cyclically
symmetric. In this latter case, the induced maps on knot Floer homologies, also
preserve the Alexander grading, see [73, Proposition 8.1.]. By [73, Theorem 8.2.], we
can summarize these important facts (which we will use in the proof of our lower
bound Theorem 2.37) as follows:
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Theorem 2.33 (Ozsváth-Szabó, [73]). Let ((Y1, K1), (Y2, K2), (Y3, K3)) be a distin-
guished triangle of knots. Then the induced maps F̂1, F̂2 and F̂3 on the knot Floer
homologies preserve the Alexander grading and fit into an exact triangle:

ĤFK(Y1,K1)
F̂1 - ĤFK(Y2,K2)

ĤFK(Y3,K3)

�

F̂ 2

�
F̂
3

2.2 The lower bound

The purpose of this section is to introduce our lower bounds on the number of
Legendrian realizations for some families of knot types. First, we state and prove our
main results, which are Theorem 2.37 and Theorem 2.38, providing new infinite fam-
ilies of Legendrian and transversely non-simple knot types. Then, we give sufficient
conditions of Legendrian and transverse non-simplicity, which can be algorithmically
checked.

We will focus on two-bridge knots. Therefore, we start by recalling the definition
and some main properties of these knots.

A bridge in a knot diagram is an arc between undercrossings which includes at
least one overcrossing. The defining property of two-bridge knots is that they admit
a diagram with exactly two bridges. However, we will mostly use the following
alternative definition:

Definition 2.34. A two-bridge knot or rational knot in S3 is an embedded S1

which can be isotoped so that the natural height function given by the z coordinate
has exactly four critical points: two maxima and two minima.

The name rational knot originates from Conway [11] who associated continued
fractions of rational numbers to these knots. We will use the following convention to
classify two-bridge knots with continued fractions of rational numbers: We denote
the continued fraction expansion of the rational number p

q
by

p

q
= [a1, ..., a2m+1] = a1 + 1

a2 + 1
...+ 1

a2m+1

.

To this form we associate the right diagram in Figure 2.6. Since the diagram has
exactly two maxima and two minima, it is clearly a two-bridge knot, which we will
denote by K p

q
.
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a1

−a2

a2m+1

a1

−a2

−a2m

= 1

Figure 2.6: The two-bridge knots corresponding to the continued fraction ex-
pansions [a1, ..., a2m] (left) and [a1, ..., a2m+1] (right). The numbers in the boxes
indicate half-twists.

However, some rational numbers specify the same two-bridge knot. The following
theorem was proved as Theorem 4. in [88] by Schubert:

Theorem 2.35 (Schubert, [88]). The two-bridge knots K p
q

and K p′
q′

are isotopic if
and only if q ≡ q′ and p± ≡ p′ modulo q.

Next, we introduce the Legendrian satellite construction which will play an im-
portant role in the proof of Theorem 2.37.

Definition 2.36. Let L be a Legendrian knot in a contact manifold and
L̃ ⊂ (S1 ×D2, ξT

std) a Legendrian link in the solid torus with the standard contact
structure on it. Consider a tubular neighborhood νL of L. By Theorem 1.25, the
Standard Contact Neighborhood Theorem, there is a contactomorphism between νL

and the solid torus containing L̃. Therefore, we can embed L̃ into νL. The new
Legendrian knot obtained this way is Sat(L, L̃), the Legendrian satellite of L
with pattern L̃.

For the Thurston-Bennequin number and the rotation number of a Legendrian
satellite knot, the following equations hold [68, Remark 2.4.]:

tb(Sat(L, L̃)) = w(L̃)2 · tb(L) + tb(L̃),

rot(Sat(L, L̃)) = w(L̃) · rot(L) + rot(L̃),

where w(L̃) denotes the winding number of L̃, that is, the number of times L̃ goes
around the S1 direction of the solid torus S1 × D2. Observe that if w(L̃) = 0 then
the invariants tb and rot of the satellite knot are independent of L.
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Now we are ready to state our main theorems providing Legendrian and trans-
versely non-simple knot types:

Theorem 2.37 (F., [34]). Suppose that p
q

∈ Q has the continued fraction expansion
p
q

= [a1, ..., a2m+1] for m ≥ 1 and suppose that

• a2 is odd,

• a1 and a2i is even for i > 1,

•
m∑

i=1
a2i+1 is odd.

Then the corresponding two-bridge knot admits at least ⌈a1
4 ⌉ distinct Legendrian

realizations with tb =
m∑

i=1
a2i+1 and rot = 0.

Its analogue for transverse knots is the next statement.

Theorem 2.38 (F., [34]). Suppose that p
q

∈ Q has the continued fraction expansion
p
q

= [a1, ..., a2m+1] for m ≥ 1 and suppose that

• a2 is odd,

• a1 and a2i is even for i > 1,

•
m∑

i=1
a2i+1 is odd.

Then the corresponding two-bridge knot admits at least ⌈a1
4 ⌉ distinct transverse real-

izations with sl =
m∑

i=1
a2i+1.

Ozsváth and Stipsicz already stated a very similar result [71, Theorem 5.8.]. Our
theorem is a generalization of theirs, in the sense that they assumed all ai for i ̸= 2, 3
are even, while we drop the conditions on the terms a2i+1 for i > 1. This way we
get much more new examples of Legendrian and transversely non-simple two-bridge
knots.

In what follows, we are going to prove Theorem 2.37. The proof relies on the
Legendrian invariant, whose definition we recalled in Section 2.1.4. As stated in
Theorem 2.24, the Legendrian invariant does not change under negative stabil-
ization, therefore, it also gives an invariant of the transverse knot type. Using
Proposition 1.36, the calculation of the self-linking number is also immediate from
the Legendrian version. Due to these, the proof of Theorem 2.38 is an analogue of
the proof of Theorem 2.37, and we do not discuss it in further details.

Note that the two-bridge knots mentioned in Theorem 2.37 and 2.38 are still not
all the Legendrian and transversely non-simple ones. In Section 2.2.1, we show even
more examples of Legendrian non-simple two-bridge knots that are not included in
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the above theorems. The way we verify their non-simplicity is a generalization of the
proof of Theorem 2.37, but we could not specify them with common conditions on
their continued fraction expansions. As a demonstration, we will prove the following:

Proposition 2.39. [34] The two-bridge knot K 14
1825

is Legendrian non-simple.

Furthermore, in Section 2.2.1, we give a method to decide whether an arbitrary
two-bridge knot can be proven to be Legendrian non-simple using the same tools as
in Theorem 2.37 and 2.38.

Before proving Theorem 2.37, we introduce a construction (which will play a
fundamental role in the proof) and verify some necessary lemmas.

ci

di

1

2 3

4

~Li

~Li+1

Figure 2.7: The solid torus knot L̃i. The data ci and di for i = 1, ...,m determine L̃.

Let L̃i be the solid torus knot (i.e. a knot in S1 × D2) with ci and di crossings
given in Figure 2.7. (We will refer to the numbering of the arcs shown in the figure
later.) Starting with i = 2, we put L̃i into the box of L̃i−1. We choose L̃ to be the
knot obtained by putting together m pieces this way so that the number of crossings
correspond to the numbers in the continued fraction expansion in Theorem 2.37 as
follows: a2i = di, a2i+1 = ci for i = 1, ...,m. (Note that L̃ is independent from a1.) For
i = m, the innermost element L̃m contains no further terms in its inner box, inside
that there are two horizontal arcs instead. Also note that for the outermost term L̃1

the left and right hand side of the rectangle shown in Figure 2.7 are identified, thus
also the arcs numbered with 1 and 4 and the arcs 2 and 3 are identified.

In the proof of Theorem 2.37, we will use L̃ as the pattern in the Legendrian
satellite construction. Recall that if w(L̃) = 0 then the invariants tb and rot of a
satellite knot Sat(L, L̃) are independent of L. Therefore, we will be interested in
cases when w(L̃) = 0 for the above constructed L̃. In what follows, we will phrase
conditions for this to hold in terms of permutations. We start by introducing some
notations.
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Consider a term L̃i of L̃ in Figure 2.7. L̃i connects four points of the outer
rectangle with four points of the inner one. Denote the four points on the outer
rectangle according to the numbered arcs in Figure 2.7: the upper left by 1, the
lower left by 2, the lower right by 3, the upper right by 4. Each point is connected to
one of the four points on the inner rectangle by an arc, and L̃i is the union of these
arcs. Let πi(1), πi(2), πi(3) and πi(4) denote the other end of the arcs belonging to
the points 1, 2, 3 and 4, respectively, on the inner rectangle. Notice that πi(4) is
always the upper right point of the inner rectangle, while the other three permute
depending on the parity of ci and di (the number of crossings in L̃i, see Figure 2.7).
Therefore, πi : {1, 2, 3, 4} → {1, 2, 3, 4} is a permutation so that 4 is a fixed point.
This way we can assign an element of the symmetric group of order three (S3) to
L̃i. Composing permutations πi for i = 1, ...,m we get how the four points on the
outermost rectangle in L̃ connect to the points on the innermost one.

Consider the presentation S3 ∼= ⟨a, b|a2 = b2 = (ab)3 = id⟩. This way we can
represent the elements of S3 by id, a, b, ab, ba and aba. Depending on the parity of ci

and di, four permutation elements can appear as πi associated to L̃i. The following
table shows these permutation elements determined by the parity of ci and di. The
element a is the swap of the lower two positions and b is the swap of the two positions
in the left column.

1

2 3

1

2 3

ci even

di even
id

1

2 3

1

3 2

ci even

di odd
a

1

2 3

2

1 3

ci odd

di even
b

1

2 3

3

1 2

ci odd

di odd
ab

Figure 2.8: The permutation elements determined by the parity of crossings ci

and di in L̃i

Without loss of generality we can assume that the orientation of L̃ is so that for
every term L̃i the upper right arc numbered with 4 is pointing outwards from the
outer rectangle of L̃i (that is, arc 4 is pointing right in Figure 2.7).

We concentrate on knots, thus we first make the following observation.

Lemma 2.40. L̃ is a 2-component link if πm ◦ πm−1 ◦ ... ◦ π1(1) is the element a or
id in S3, otherwise L̃ is a knot.

Proof. The innermost term L̃m has only two horizontal arcs in its inner box. There-
fore, it is clear that L̃ is a 2-component link if and only if πm ◦πm−1 ◦ ...◦π1(1) is the
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upper left corner of the innermost rectangle. This happens when πm ◦ πm−1 ◦ ... ◦ π1

is the element a or id in S3. Since L̃ cannot have more than 2-components, L̃ is a
knot in any other case. □

Using the above defined permutations, now we examine when the winding num-
ber vanishes.

Lemma 2.41. w(L̃) = 0 if and only if πm ◦ πm−1 ◦ ... ◦ π1 is ab or aba.

Proof. The outermost term L̃1 of the knot L̃ has two arcs that leave the outer
bounding box of L̃1, see Figure 2.7. Therefore, L̃ has two arcs that go around the
torus. This way the winding number of L̃ is either 2 or 0, and the composition
πm ◦ πm−1 ◦ ... ◦ π1 determines it:

If the arc in L̃ which points into the outermost rectangle of L̃1 in position 1 leaves
the rectangle in position 3, then by the identification of the left and right hand side
of L̃1, both arcs of the knot L̃ which go around the torus (1 identified with 4 and 2
identified with 3) go in the same direction, meaning that w(L̃) = 2.

By this identifications of the arcs, we see that w(L̃) = 0 if and only if the arc in
L̃ which points into the outermost rectangle of L̃1 in position 1 leaves the rectangle
in position 2, that is, if πm ◦ πm−1 ◦ ... ◦ π1(1) and πm ◦ πm−1 ◦ ... ◦ π1(2) are in
the lower two positions of the innermost rectangle. According to Figure 2.8, this
happens when πm ◦ πm−1 ◦ ... ◦ π1 is ab or aba. □

Now we can prove that w(L̃) = 0 when the assumptions of Theorem 2.37 hold.

Lemma 2.42. w(L̃) = 0 in the case when

• a2 is odd,

• a1 and a2i is even for i > 1 ,

•
m∑

i=1
a2i+1 is odd.

Proof. Recall that in our construction of L̃ we put together m pieces of L̃i so that
a1 = k + l, a2i = di, a2i+1 = ci for i = 1, ...,m. The condition that a2 = d1 is odd
ensures that the permutation π1 is a or ab, see Figure 2.8. Since a2i = di is even for
i > 1, all π2, π3,... and πm are either 1 or b. Moreover, we required that

m∑
i=1

a2i+1

is odd, which means that the number of odd ci (bringing b in the product) is odd.
Therefore, πm ◦ πm−1 ◦ ... ◦ π1 = abn where n is odd. After simplifying with b2 = id,
we get that πm ◦ πm−1 ◦ ... ◦ π1 = ab. According to Lemma 2.41, this means that
w(L̃) = 0. □

After these, we are ready to prove Theorem 2.37.
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Proof of Theorem 2.37. First, consider L̃ as constructed above. L̃ is determined by
a2, a3,...,a2m+1. In what follows, we will create a distinguished triangle of knots.

Let k and l be odd numbers such that k+ l = a1. For k = 2a+ 1 and l = 2b+ 1,
let U(a, b) denote a Legendrian realization of the unknot with tb(U(a, b)) = −k+l

2

and rot(U(a, b)) = k − l shown in Figure 2.9, and consider the Legendrian satellite
Lk,l = Sat(U(a, b), L̃). This knot Lk,l is smoothly isotopic to the two-bridge knot
K p

q
where p

q
= [a1, ..., a2m+1] is the continued fraction expansion of p

q
. (Following the

construction, it is not hard to check that one gets the two-bridge knot in the form
shown in Figure 2.6, see also [71].)

k cusps l cusps

Figure 2.9: U(a, b), a Legendrian realization of the unknot

Consider the 2-component link that consists of Lk,l and an unknot so that the
underlying smooth figure looks like Figure 2.10. By Lemma 2.42 we know that
w(L̃) = 0, thus the linking number of the two knots is zero. After doing contact
(−1)-surgery along the unknot component we get the Legendrian knot L′

k,l in the
lens space L(a+ b+ 2, 1) with contact structure ξk,l.

~L

−a− b− 1

−a− b− 2

Figure 2.10: The smooth knot Lk,l with an unknot

Let U ′ denote the Legendrian push-off of the unknot component. According
to Lemma 1.30, the Cancellation Lemma, applying contact (+1)-surgery along
U ′ cancels the first contact (−1)-surgery and gives back the standard contact
3-sphere with Lk,l. Consider the distinguished triangle of knots induced by this
contact (+1)-surgery along U ′ (see Figure 2.11 in −S3 with mirrors). According to
Figure 2.11, the third term of the triangle is a 2-component link: its first component
is a knot denoted by K0 and its second component is an unknot along which we do
a surgery. Since this surgery curve is unlinked to K0, K0 is null-homologous.
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m(~L)

a+ b+ 1

a+ b+ 2

m(~L)

a+ b+ 1

0
a+ b+ 2

=

m(~L)

2a+ 2b+ 1
half twists

m(~L)

a+ b+ 1

1
a+ b+ 2

=

m(~L)
K0

a+ b+ 1

Figure 2.11: The distinguished triangle of the contact (+1)-surgery
Notice that m(L′

k,l) ⊂ L(a+ b+ 2, 1); m(Lk,l) ⊂ −S3 and K0 ⊂ L(a+ b+ 1, 1).

As we stated in Theorem 2.33, this distinguished triangle of knots induces
an exact triangle of knot Floer homologies ĤFK, see [73, Theorem 8.2.]. Contact
(+1)-surgery along S induces the following map on the homologies:

F̂S : ĤFK(−L(a+ b+ 2, 1), L′
k,l) → ĤFK(−S3, Lk,l).

According to Theorem 2.33, we also know that this induced map preserves the Alex-
ander grading. Let Ã = A(L(Lk,l)) denote the Alexander grading of the Legendrian
invariant L(Lk,l).

Lemma 2.43. In Alexander grading Ã = A(L(Lk,l)) the ĤFK homology of the third
term (−L(a+ b+ 1, 1), K0) vanishes when the conditions of Theorem 2.37 hold.

We prove Lemma 2.43 in Section 2.2.1.
Then, in the exact triangle of homologies in this grading F̂S is an isomorphism.

Next, we show that for different (k, l) pairs the Legendrian invariants L(L′
k,l) are

different. Consider

HFK−(−L(a+ b+ 2, 1), L′
k,l)

U=1−→ ĤF(−L(a+ b+ 2, 1))

L(L′
k,l) 7→ c(L(a+ b+ 2, 1), ξk,l).

For different (k, l) pairs the rotation of the unknot component of the link in
Figure 2.10 is different. Therefore, the contact invariants c(L(a + b + 2, 1), ξk,l) are
in different Spinc structures for different (k, l) pairs. Thus, the invariants L̂(L′

k,l) are
different.

Since k and l are odd with k + l = n fixed, the number of (k, l) pairs is k+l
2 .
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Now recall Definition 2.25 of the mapping class group. By Theorem 2.26, the
invariant L̂(Lk,l) can be lifted to be an element of

ĤFK(−S3, Lk,l)⧸MCG(S3, Lk,l),

see also [71, Theorem 2.4.].
Due to [83, Theorem 2.7.] (confer [47, 71]), we know that for non-torus two-bridge

knots
|MCG(S3, Lk,l)| = 2.

Since m > 1 in the construction, Lk,l is not a torus knot. So after considering the
action of the mapping class group that can map the L̂(Lk,l) invariants to each other,
we obtain that there are at least ⌈k+l

4 ⌉ different invariants. Thus we finished the
proof of Theorem 2.37. □

Remark 2.44. It is easy to check the value of invariants tb(Lk,l) and rot(Lk,l).
Computations can be found later in the proof of Lemma 2.43.

Next, we give further examples of Legendrian non-simple two bridge knots. Our
plan is to examine what parity conditions are needed for the above proof to work. We
give an algorithmic method that tells from the continued fraction expansion of any
rational number whether the necessary conditions hold for the corresponding two-
bridge knot. This way we get further examples of Legendrian non-simple two-bridge
knots.

To state the conditions, we first need to observe that the proof of Theorem 2.37
was based on Lemma 2.43, which ensured that the following requirement holds: in
Alexander grading Ã = A(L(Lk,l)) the third term ĤFK(−L(a+ b+ 1, 1), K0) in the
exact triangle of the homologies (induced by the distinguished triangle of knots in
Figure 2.11) vanishes.

In Section 2.2.1, we observe when this condition holds. Moreover, we verify
Lemma 2.43.

2.2.1 Computing the third term of the triangle

Recall that the proof of Theorem 2.37 depends on Lemma 2.43, namely on the
fact that ĤFK(−L(a+ b+ 1, 1), K0) = 0 in Alexander grading Ã = A(L(Lk,l)).

In this section we give a method to compute the ĤFK homology of the third
term (−L(a + b + 1, 1), K0) in the distinguished triangle of knots in Figure 2.11 in
Alexander grading Ã = A(L(Lk,l)). Observe in Figure 2.11 that from Lk,l we can
obtain K0 by removing 2a+2b+1 half twists, which is equivalent to writing 1 instead
of a1 in the continued fraction expansion of the corresponding rational number.
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Two-bridge knots are alternating knots, therefore their Alexander polynomial
and signature are easily computable and these two pieces of data determine their
knot Floer homology. The following theorem is proved as Theorem 1.3. by Ozsváth
and Szabó in [72]:

Theorem 2.45 (Ozsváth-Szabó, [72]). Let K ⊂ S3 be an alternating knot and
∆K(t) =

n∑
s=−n

as · ts the symmetrized Alexander polynomial of K. Then for the knot
Floer homology of K

ĤFKs,d(K) ∼=

0, for d ̸= s+ σ
2

F|as|, for d = s+ σ
2

where s denotes the Alexander grading, d the Maslov grading and σ the signature.

Now, it is enough to compute the value of the Alexander grading Ã = A(L(Lk,l)).
According to Theorem 1.6. in [71], it is given by the classical invariants:

2Ã = tb(Lk,l) − rot(Lk,l) + 1.

2rot(Lk,l) is the difference of up-cusps and down-cusps in the front diagram of L̃,
see Figure 2.7, which is always 0. However, we will see that tb depends on the parity
of ci’s and di’s in the terms of L̃. By Proposition 1.16, we know that

tb = wr − 1
2 · c

(recall that wr is the writhe, the signed sum of crossings in the diagram and c denotes
the number of cusps). The number of cusps is always 2 ·

m∑
i=1

di.

For computing the writhe we need to know the signs of the crossings in L̃. We
will determine these termwise for each L̃i.

In L̃i there are ci + di crossings. The signs of all the upper crossings (ci in
Figure 2.7) are the same, and so are the lower ones (di in Figure 2.7). Note that
the sign of a crossing only depends on the parity of di and on the orientation of the
arcs of the outer rectangle of L̃i. Without loss of generality we can assume that the
orientation of L̃ is so that for every term L̃i the upper right arc numbered with 4 in
Figure 2.7 is pointing outwards from the outer rectangle.

In what follows, we will give a procedure for computing the writhe of L̃. In
Figure 2.12 we show a diagram that helps the computation. First, we write and
check the method in details, then we demonstrate its application on an example.

For a term L̃i, the signs < and > (”coming in” or ”going out”) in a box in
Figure 2.12 show the orientation of the arcs at the outer rectangle of L̃i, that is, the
arcs numbered with 1, 2, and 3 in Figure 2.7. (Recall our assumption that arc 4 is
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>

> >

−
c
+
d

c
+
d

c
+
d

−c− d

−c+ d

−c− d

−
c
+
d

c+ d

c+ d

−c− d

−c− d −c+ d

• c even, d even

• c even, d odd

• c odd d even

• c odd d odd

Figure 2.12: Computation of the writhe: diagram showing the method described in
Proposition 2.46

always oriented pointing outwards from the outer rectangle. Therefore, we do not
indicate it in Figure 2.12.) The lower right box of Figure 2.12 is heavy, marking that
this box shows the orientations of the arcs at the outer rectangle of the first term
L̃1. (We are only interested in the cases when the winding number w(L̃) = 0 and
since we assumed that the upper right arc always points outwards from the outer
rectangle, this is the only possible orientation for L̃1.)

Four arrows start from each box, one for each parity option on ci and di. (The
dashing shows the parity of ci and di.) Suppose that we know the orientation of
the outer rectangle of L̃i and the parity of ci and di. In the diagram there is a box
corresponding to that orientation of the outer arcs and a unique arrow from that
box corresponding to the parity.

The following procedure gives wr(L̃):

Proposition 2.46. [34] Start from the lower right marked box. For i = 1, ...,m,
follow the arrow corresponding to the parity of ci and di, then let the next starting
box be the one where this arrow points. At each step, consider the number written on
the chosen arrow and add them all. The sum of these numbers after m steps is wr(L̃).

42



Proof. The lower right starting box indicates the orientations of the arcs at the
outer rectangle of the first term L̃1. Observe that at each step, the number written
on the arrow (the arrow corresponding to the parity of ci and di) is the signed sum
of crossings in L̃i. Moreover, the endpoint of this arrow gives the orientation of the
arcs entering the inner rectangle of L̃i, that can be considered as the outer rectangle
of L̃i+1. Therefore, if we add the numbers written on the appropriate arrows, that
is, the signed sum of crossings in L̃i for all i = 1, ...,m, then we obtain the signed
number of crossings in the diagram of L̃, which is wr(L̃). □

Next, we demonstrate the above method on an example.

Example 2.47. Computing wr(K 153
179

).
The continued fraction expansion of the corresponding rational number is

153
179 = [6, 1, 7, 1, 2]. Now L̃ consists of two terms: L̃1 and L̃2. The number of cross-
ings in the first term is c1 = a3 = 7 (odd), d1 = a2 = 1 (odd), in the second term
c2 = a5 = 2 (even) and d2 = a4 = 1 (odd).

Let us use the diagram in Figure 2.12. We start from the lower right, marked
box, since this always shows the orientation of the arcs at the outermost rectangle
of the first term L̃1. Now c1 and d1 are both odd, so we follow the yellow (full) line.
The number written on it is c + d, meaning that the signed sum of crossings in L̃1

is c1 + d1 = 7 + 1 = 8.
The yellow (full) line points to the upper box of the diagram in Figure 2.12,

this indicates the orientation of the arcs at the outer rectangle of L̃2 (which is the
same as the inner rectangle of L̃1). Therefore, the next step, i.e. the calculation for
the second term L̃2 starts from this upper box. Now c2 is even and d2 is odd, thus
we follow the blue (pointed) arrow. The number on it is −c + d, so this orienta-
tion of the arcs implies that the signed sum of crossings in the second term L̃2 is
−c2 + d2 = −2 + 1 = −1.

We do not have any further terms. Hence, the writhe is the sum of the signed
sums calculated for the first two terms, that is, wr(K 153

179
) = 8 − 1 = 7.

Now we are ready to prove Lemma 2.43.

Proof of Lemma 2.43. To see that the homology vanishes we give a bound on the
Alexander grading Ã = A(L(Lk,l)).

Ã = A(L(Lk,l)) = 1
2 (tb(Lk,l) − rot(Lk,l) + 1) .

Recall from Proposition 1.16 that tb = wr − 1
2 · c, and the number of cusps

in L̃ is 2 ·
m∑

i=1
di.
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Next, we show that our parity assumptions imply wr(L̃) =
m∑

i=1
ci +

m∑
i=1

di. The
conditions of Lemma 2.43 (same as of Theorem 2.37) include that in the continued
fraction expansion of the corresponding rational number a2 = d1 is odd and a2i = di

is even for i > 1. We apply the algorithm written in Proposition 2.46. a2 = d1 is
odd, which means that after starting at the lower right, marked box of the diagram
in Figure 2.12 we follow either the yellow (full) or the blue (pointed) line. Notice
that independently of c1, the arrow points to the upper box of the diagram, and
the number written on it is c+ d in both cases. This means that the signed sum of
crossings in the first term L̃1 is c1 + d1.

The condition that a2i = di is even for i > 1 implies that starting from the top
box of the diagram we always follow the green (pointed dashed) or the red (dashed)
line. But independently of the ci values, these lines start and point to the same upper
box of the diagram and the number written on them is c+d. Therefore, we got that
for every term L̃i the signed sum of crossings is ci+di, implying wr(L̃) =

m∑
i=1

ci+
m∑

i=1
di.

For the rotation number, by Proposition 1.16 we have rot(Lk,l) = 1
2(cd −cu). Our

argument above shows that assuming the parity conditions of Theorem 2.37, on the
diagram of Figure 2.12 we only go from the lower right box to the upper box. Both of
these indicate such an orientation of the arcs of the terms L̃i that there are always
an equal number of up-cusps and down-cusps in every term (this number is di).
Therefore, rot(Lk,l) = 0.

Ã = A(L(Lk,l)) = 1
2 (tb(Lk,l) − rot(Lk,l) + 1) =

= 1
2

(
m∑

i=1
ci +

m∑
i=1

di −
n∑

i=1
di + 1

)
= 1

2

(
n∑

i=1
ci + 1

)
.

To finish the proof, we compare this grading with the Seifert genus. Applying
Seifert’s algorithm, we get a genus g Seifert surface of K0. Computing the Euler
characteristics we get

χ =
m∑

i=1
di + 2 − (

m∑
i=1

ci +
m∑

i=1
di) = 2 −

m∑
i=1

ci.

g = 1 − χ

2 =

m∑
i=1

ci − 1

2 .

It is known [69] that the Seifert genus gS ≤ g bounds the largest Alexander grading
with non-trivial knot Floer homology in ĤFK(−L(a + b + 1, 1), K0). In our case
g < Ã, therefore ĤFK vanishes in Alexander grading Ã = A(L(Lk,l)). □
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Using the above methods we can tell from the continued fraction expansion
of any rational number whether the proof of Theorem 2.37 can be adapted for the
corresponding two-bridge knot. This way we get further examples of Legendrian non-
simple two-bridge knots. In Table 2.1 we show a few of the infinitely many examples
that are not included in the infinite family of Theorem 2.37. Here, we cannot always
use the genus bound the way we did in the proof of Theorem 2.37. However, after
using the above algorithms to compute the necessary data, we can prove that the
ĤFK homology of the third term vanishes on the appropriate Alexander grading.
This means that the same ideas work to verify that they are Legendrian non-simple,
but we do not have a general method to classify the corresponding rational numbers.
We show the computations for such a knot in Example 2.48.

Knot Continued fraction Alexander polynomial of third term Ã
K 153

179
[6, 1, 7, 1, 2] 4t−2 − 12t−1 + 17 − 12t1 + 4t2 3

K 341
399

[6, 1, 7, 3, 2] 8t−2 − 27t−1 + 39 − 27t1 + 8t2 3
K 529

619
[6, 1, 7, 5, 2] 12t−2 − 42t−1 + 61 − 42t1 + 12t2 3

K 717
839

[6, 1, 7, 7, 2] 16t−2 − 57t−1 + 83 − 57t1 + 16t2 3
K 905

1059
[6, 1, 7, 9, 2] 20t−2 − 72t−1 + 105 − 72t1 + 20t2 3

K 189
221

[6, 1, 9, 1, 2] 5t−2 − 15t−1 + 21 − 15t1 + 5t2 4
K 425

497
[6, 1, 9, 3, 2] 10t−2 − 34t−1 + 49 − 34t1 + 10t2 4

K 661
773

[6, 1, 9, 5, 2] 15t−2 − 53t−1 + 77 − 53t1 + 15t2 4
K 897

1049
[6, 1, 9, 7, 2] 20t−2 − 72t−1 + 105 − 72t1 + 20t2 4

K 1133
1325

[6, 1, 9, 9, 2] 25t−2 − 91t−1 + 133 − 91t1 + 25t2 4
K 107

127
[6, 2, 1, 5, 1] −3t−2 + 7t−1 − 7 + 7t1 − 3t2 −3

K 139
165

[6, 2, 1, 7, 1] −4t−2 + 9t−1 − 9 + 9t1 − 4t2 −4
K 171

203
[6, 2, 1, 9, 1] −5t−2 + 11t−1 − 11 + 11t1 − 5t2 −5

K 293
347

[6, 2, 2, 1, 7] 8t−2 − 19t−1 + 23 − 19t1 + 8t2 3
K 369

437
[6, 2, 2, 1, 9] 10t−2 − 24t−1 + 29 − 24t1 + 10t2 4

Table 2.1: Some examples of Legendrian non-simple two-bridge knots that are not
included in Theorem 2.37. We can show that the ĤFK homology of the third term
(−L(a+ b+ 1, 1), K0) vanishes in Alexander grading Ã = A(L(Lk,l)), thus the proof
of Theorem 2.37 can be adapted.

Example 2.48. Computations for K 153
179

.

We saw in Example 2.47 that 153
179 = [6, 1, 7, 1, 2], and thus L̃ is built of two

pieces. The number of crossings is c1 = a3 = 7, d1 = a2 = 1, c2 = a5 = 2 and
d2 = a4 = 1, so the condition in Theorem 2.37 that a4 is even fails. We can follow
the proof of Theorem 2.37, but have to check that Lemma 2.42 can be adapted in our
case.
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First, we show that w(L̃) = 0. Since c1 = a3 = 7, d1 = a2 = 1 are both odd, the
permutation π1 is ab (see Figure 2.8). c2 = a5 = 2 is even and d2 = a4 = 1 is odd,
thus π2 is a. This means that π2 ◦ π1 = aba. According to Lemma 2.41, this means
that w(L̃) = 0.

To verify the fact that the ĤFK homology of the third term (−L(a+ b+1, 1), K0)
in the distinguished triangle of knots (Figure 2.11) vanishes in Alexander grading
Ã = A(L(Lk,l)), we need to compute Ã.

Ã = A(L(Lk,l)) = 1
2 (tb(Lk,l) − rot(Lk,l) + 1) .

In Example 2.47 we checked that wr(K 153
179

) = 8 − 1 = 7. The number of cusps in
L̃ is 2(d1 + d2) = 2(1 + 1) = 4. Therefore, tb = wr − 1

2 · c = 7 − 2 = 5.
The same argument as used in the proof of Lemma 2.43 shows that rot(Lk,l) = 0,

hence
Ã = A(L(Lk,l)) = 1

2 (5 + 1) = 3.

The Alexander polynomial of K0 is 4t−2 + −12t−1 + 17 − 12t1 + 4t2. Since it has
no term of degree 3, by Theorem 2.45, we see that in Alexander grading Ã the ĤFK
homology vanishes.

Note that although the homology vanishes at Ã, the proof of Lemma 2.43 does not
work as simply as before in this case because the same genus bound does not hold:
After calculating Ã, the other computations are the same as in the proof of Lemma
2.43. For the genus g of a Seifert surface of K0 we get that g = 1

2(7 + 2 − 1) = 4.
But now g ≮ Ã. Therefore, in this case it is not enough to compute this genus to
see that the homology vanishes. Although the bound gS ≤ Ã still holds for the Seifert
genus gS, we do not have a general method to compute gS directly from p

q
.

Remark 2.49. The condition that the ĤFK homology of the third term
(−L(a+ b+ 1, 1), K0) should vanish in Alexander grading Ã = A(L(Lk,l)) is not
necessary. Although in case of the rank of this homology group being r > 0 the map
F̂S is not an isomorphism, we know that its kernel has rank at most r. That is,
the cardinality of the preimage of any element is at most 2r. Consider this and the
action of the mapping class group when we examine the possible number of distinct
Legendrian invariants. We obtain that the number of distinct Legendrian realizations
is at least ⌈ a1

4·2r ⌉. Knowing this, we get even more examples of Legendrian non-simple
two-brige knots. In Table 2.2 we give some examples of two-bridge knots such that
the ĤFK homology of the third term is nontrivial, but small enough compared to a1.
Thus, our previous argument can be used to prove that they are Legendrian non-
simple. In Proposition 2.39 we show the computations for an example.
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Knot Continued fraction Alexander polynomial of third term Ã r
K 14

1825
[130, 2, 1, 3, 1] −2t−2 + 5t−1 − 55t1 − 2t2 −2 2

K 243
257

[18, 2, 1, 3, 1] −2t−2 + 5t−1 − 5 + 5t1 − 2t2 −2 2
K 625

661
[18, 2, 1, 3, 3] −2t−3 + 6t−2 − 10t−1 + 13 − 10t1 + 6t2 − 2t3 −3 2

K 279
295

[18, 2, 3, 1, 1] −2t−2 + 6t−1 − 7 + 6t1 − 2t2 −2 2
K 593

627
[18, 2, 3, 1, 3] −2t−3 + 6t−2 − 10t−1 + 13 − 10t1 + 6t2 − 2t3 −3 2

K 677
697

[34, 1, 5, 1, 2] 3t−2 − 9t−1 + 13 − 9t1 + 3t2 2 3
K 267

275
[34, 2, 1, 1, 1] −t−2 + 3t−1 − 3 + 3t1 − t2 −1 3

K 601
619

[34, 2, 1, 1, 3] −t−3 + 3t−2 − 5t−1 + 7 − 5t1 + 3t2 − t3 −2 3
K 465

479
[34, 4, 1, 1, 1] −t−3 + 3t−2 − 3t−1 + 3 − 3t1 + 3t2 − t3 −1 3

K 1129
1163

[34, 4, 1, 5, 1] −3t−3 + 7t−2 − 7t−1 + 7 − 7t1 + 7t2 − 3t3 −3 3
K 1529

1575
[34, 4, 5, 1, 1] −3t−3 + 9t−2 − 11t−1 + 11 − 11t1 + 9t2 − 3t3 −3 3

Table 2.2: Some further examples of Legendrian non-simple two-bridge knots that are
not included in Theorem 2.37 or in Table 2.1. Here, the ĤFK homology of the third
term (−L(a + b + 1, 1), K0) does not vanish in Alexander grading Ã = A(L(Lk,l)),
but has rank r.

Proof of Proposition 2.39. The corresponding rational number has the continued
fraction expansion 14

1825 = [130, 2, 1, 3, 1]. We start by following the proof of
Theorem 2.37 and setting up the distinguished triangle in Figure 2.11. Now the
number of crossings in L̃ is c1 = a3 = 1, d1 = a2 = 2, c2 = a5 = 1 and d2 = a4 = 3.
Using our method with permutations to decide whether the winding number vanishes
(written above the proof of Theorem 2.37), we can check that π2 ◦ π1 is bab = aba.
This means, that the winding number w(L̃) = 0.

To compute the ĤFK homology of the third term in the triangle we follow
Section 2.2.1. We need the Alexander grading Ã of the Legendrian invariant L(Lk,l).
According to [71, Theorem 1.6.], 2Ã = tb(Lk,l) − rot(Lk,l) + 1 and by Proposition
1.16, rot(Lk,l) = 1

2(cd − cu). In our case there are two pieces: L̃1 and L̃2. In L̃1, the
number of up- and down-cusps are equal. However, examining the orientation we
see that in L̃2 there are only up-cusps, which means that rot(Lk,l) = −d2 = −3.

tb = wr − 1
2 · c, and the number of cusps is 2

2∑
i=1

di = 2 · (2 + 3) = 10. Using
the method written in Proposition 2.46 we get that wr = −c1 + d1 − c2 − d2 = −3.
Therefore, tb = −3 − 5 = −8 and Ã = 1

2(−8 − (−3) + 1) = −2.
The Alexander polynomial of K0 in Figure 2.11 is now

∆K0(t) = −2t−2 + 5t−1 − 5 + 5t1 − 2t2.

By Theorem 2.45, ĤFKÃ,∗(K0) ∼= F2, that is, r = 2.
Although the map F̂S is not an isomorphism, its kernel has rank at most 2. This

means that there are at least ⌈ 130
4·22 ⌉ = 9 distinct Legendrian realizations. □
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2.2.2 Twist knots and double twist knots

Eliashberg-Chekanov twist knots are special two-bridge knots of the form shown
in Figure 2.13. In 2013, Etnyre, Ng and Vértesi gave a complete classification of
Legendrian twist knots.

Figure 2.13: The Eliashberg-Chekanov twist knot Em

Theorem 2.50 (Classification of Legendrian twist knots, Etnyre-Ng-Vértesi, [23]).
Let K = Em be the twist knot of Figure 2.13, with m half twists. We discard the
case m = −1, which is the unknot and known to be Legendrian simple.

1. For m ≥ −2 even, there is a unique representative of Em with maximal
Thurston-Bennequin number, tb = −m − 1. This representative has rotation
number rot = 0, and all other Legendrian knots of type Em destabilize to the
one with maximal Thurston-Bennequin number.

2. For m ≥ 1 odd, there are exactly two representatives with maximal Thurston-
Bennequin number, tb = −m − 5. These representatives are distinguished by
their rotation numbers, rot = ±1, and a negative stabilization of the rot = 1
knot is isotopic to a positive stabilization of the rot = −1 knot. All other
Legendrian knots destabilize to at least one of these two.

3. For m ≤ −3 odd, Em has −m+1
2 Legendrian representatives with

(tb, rot) = (−3, 0). All other Legendrian knots destabilize to one of these. After
any positive number of stabilizations (with a fixed number of positive and neg-
ative stabilizations), these −m+1

2 representatives all become isotopic.

4. For m ≤ −2 even with m = −2n, Em has ⌈n2

2 ⌉ different Legendrian repres-
entations with (tb, rot) = (1, 0). All other Legendrian knots destabilize to one
of these. These Legendrian knots fall into ⌈n2

2 ⌉ different Legendrian isotopy
classes after any given positive number of positive stabilizations, and ⌈n2

2 ⌉ dif-
ferent Legendrian isotopy classes after any given positive number of negative
stabilizations. After at least one positive and one negative stabilization (with
a fixed number of each), the knots all become Legendrian isotopic.

In particular, Em is Legendrian simple if and only if m = −1 or m ≥ −3.
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In 2021, it is still the only complete classification theorem we know for Legendrian
non-simple, non-cable, prime knot types. Note that the case of the unknot was proved
by Eliashberg and Fraser [21], while the simplicity of torus knots was verified by
Etnyre and Honda [28]. Moreover, the proof of this classification theorem uses an
earlier result of Ozsváth and Stipsicz [71, Theorem 1.3.] where they proved transverse
and Legendrian non-simplicity for some twist knots. These theorems are going to
serve as basis of our examinations when we investigate other knot types.

In Section 3.2, we give an upper bound on the number of Legendrian realizations
of double twist knots with maximal tb. Double twist knots are natural generalizations
of Eliashberg-Chekanov twist knots. These are two-bridge knots of the form shown
in Figure 2.14, where the upper box contains k while the lower box m half twists of
the type shown in the figure. We will consider this form as a standard, and denote
it by K(k,m). Observe that K(k,m) has continued fraction expansion [k,m− 1, 1].

Figure 2.14: The double twist knot K(k,m)

In Section 3.2, we will concentrate on double twist knots of type K(4,m). We
can see that for these, our lower bound is trivial: for m > 0 it is obvious, while
for m < 0 observe that the continued fractions expansion [4,m − 1, 1] corresponds
to the fraction |m|

4|m|−1 . Computing its continued fractions expansion [a1, a2, a3] with
ai > 0 as before, we see that a1 = 3. Therefore, the lower bound of our former
Theorem 2.37 is ⌈a1

4 ⌉ = 1.
However, as an application of Legendrian rulings, we can prove the following

theorem yielding a new infinite family of Legendrian non-simple knot types.

Theorem 2.51. If m < 0 is even then the double twist knot K(4,m) in (S3, ξstd) has
at least two Legendrian non-isotopic Legendrian realizations with maximal tb = 1
and rot = 0. Hence, for such m, the knots K(4,m) are Legendrian non-simple.

Proof. We give constructions. Consider the two front diagrams in Figure 2.15.
Clearly, they are both Legendrian realizations of the smooth knot type K(4,m)
for m < 0 and even. Call a crossing of type S or of type Z according to Figure 2.16.
Let the m crossings in the box be of type S and Z alternately.

Since m is even, their contribution to the rotation number is 0, thus the rotation
of both realizations are 0.
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Figure 2.15: Two Legendrian realizations of the knot type K(4,m)

Figure 2.16: A crossing of type S (left) and of type Z (right).

Both diagrams admit a normal ruling which we indicated in Figure 2.15 by
putting dots on the switch crossings. Therefore by Proposition 1.22 their tb = 1
is maximal. Moreover, these normal rulings are unique: we need all crossings to be
switches, otherwise the cusps do not pair up. This is easy to check by starting in the
box in Figure 2.15, and finding the pair of each cusp. Since inside the box crossings
are of type S and Z alternately, the pairs of cusps are determined by the upper
arcs of the S and Z crossings. Thus all crossings inside the box have to be switches.
Continuing to pair the cusps by following the arcs of the diagram outside the box
from the bottom to the top, we can see that the switches in the box dictate all
the other crossings to be switches. Hence, we do not have more configurations to
consider when introducing Maslov potentials, only the one where all crossings are
switches.

Figure 2.17: These two Legendrian realizations of K(4,m) are not Legendrian iso-
topic since the second diagram admits a 3-graded ruling, while the first does not.

Fixing an arbitrarily chosen integer at a strand, the Maslov potential extends
uniquely. For example, let µ on the bottom left arc on both diagram equal 0. The
Maslov potential inside the box is periodic hence µ on the bottom right arc is again
0. The unique extension of this is shown in Figure 2.17.
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Observe that on the second diagram, all switches have Maslov degree 0, while
the first diagram has two switch crossings labeled by c1 and c2 with Maslov degrees
2 and −2. Since the rotation number is 0, we can choose ϱ = 3 and check that
the first diagram has no 3-graded ruling, while the second diagram admits one.
According to Proposition 1.24 this proves that the two diagrams correspond to
different Legendrian realizations of the same knot types. □

Figure 2.18: The distinguished triangle of knots in the case when k > 0 even, induced
by the (+1)-surgery along the Legendrian push-off of the unknot component. This
is a generalized version of [71, Figure 11.]

.

With some further investigation, the same ideas as in the proof of Theorem 2.37
give a better estimate. The following proposition is a generalization of Theorem 5.4.
in [71] by Ozsváth and Stipsicz.

Proposition 2.52. For k > 0 even and m < 0 odd, the double twist knot K(k,m)
in (S3, ξstd) has at least ⌈ |m|

4 ⌉ Legendrian realizations with maximal tb = −2k + 1.
Hence, for such k and m, the knots K(k,m) are Legendrian non-simple.

Proof. We can follow the lines of the proof of Theorem 5.4. in [71] as their argument
works not only for k = 2, but for all k > 0 even. Figure 2.18 shows the generalized
version of the distinguished triangle of knots. The parity assumptions ensure that
the linking number of the double twsit knot and the unknot is zero. Considering
the action of the mapping class group, we obtain the lower bound. Note that the
details of the proof and of Figure 2.18 are the same as in the proof of Theorem 2.37
and Figure 2.11, which we discussed earlier in this chapter. We can compute tb
using Proposition 1.16. Its maximality can be verified using Legendrian rulings, see
Section 1.2.2 and Theorem 3.32. □
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3. Upper bound

The goal of this chapter is to present an upper bound on the number of max-
imal tb Legendrian realizations of some double twist knots. Our main results are
summarized in Theorem 3.31, which we prove using convex surface theoretical tools.

First, in Section 3.1, we go through the necessary definitions and facts in convex
surface theory. Then, Section 3.2 contains our main results and their proofs.

3.1 Preliminaries in convex surface theory

We start by recalling the basic notions and theorems of convex surface theory.
We concentrate on definitions and techniques that we use to prove our upper bound
Theorem 3.31 in Section 3.2. For a more detailed introduction the reader is referred
to [26, 28, 42, 49, 50, 70].

Definition 3.1. An oriented, embedded surface Σ in a contact 3-manifold is called
a convex surface if there exists a vector field transverse to Σ whose flow preserves
the contact structure. We call such a vector field a contact vector field.

In 1991, Giroux [42] laid the foundations of convex surface theory. He showed
that we can deform any closed, oriented, embedded surface to be convex, which has
become an often used technique in contact topology.

Theorem 3.2 (Giroux, [42]). Any closed, oriented, embedded surface can be isotoped
by a C∞-small isotopy to be convex.

Kanda [56] and independently Honda [50] generalized this theorem for compact,
oriented surfaces with Legendrian boundary:

Theorem 3.3 (Kanda, [56], Honda, [50]). Any surface Σ with Legendrian boundary
satisfying tw(γ,Σ) ≤ 0 for all boundary components γ can be C0-small perturbed
near the boundary and then C∞-small perturbed on the interior to be convex.

Remark 3.4. The C0-small perturbation near the boundary fixes the boundary and
puts an annular neighborhood of ∂Σ into a standard form. We often call this a
standard annular collar, see Example 3.6.

In this work, we concentrate on convex surfaces which are either closed or com-
pact with Legendrian boundary.
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3.1.1 Dividing set

The significance of convex surface theory is that by studying convex surfaces,
we can understand the contact structure in the neighborhood of the surfaces, thus
get information on the global structure of contact 3-manifolds. Since the contact
structure is a non-integrable plane field, generically it intersects the tangent space
of a surface in lines. To phrase these more precisely, we need the following notions:

Definition 3.5. The characteristic foliation on a surface Σ in (Y, ξ) is the
singular, 1-dimensional foliation we obtain by integrating ξ∩TΣ. The singular points
x ∈ Σ of the characteristic foliation, where ξx = TxΣ are called tangencies.

Example 3.6. We can think of the standard annular collar from Theorem 3.3
as A = S1 × [0, 1] = R⧸Z × [0, 1] with coordinates (x, y). Here ∂Σ = S1 × {0},
and we can consider A × [−1, 1] with coordinates (x, y, t) and the contact struc-
ture ξ = ker(sin(2nπx)dy + cos(2nπx)dt). Then the characteristic foliation on A is
shown on Figure 3.1. It has 2n lines of singularities at

{
k

2n

}
× [0, 1] called the

Legendrian divides (not to be confused with the dividing set defined below). The
Legendrian curves S1 ×{y0} ⊂ A are the leaves of the characteristic foliation, called
Legendrian rulings.

Figure 3.1: Legendrian rulings (vertical) and divides (horizontal) on the standard
annular collar. The top and bottom lines are identified.

Definition 3.7. Consider a contact vector field v on a convex surface Σ ⊂ (Y, ξ).
The dividing set on Σ is ΓΣ = {x ∈ Σ|v(x) ∈ ξ(x)}. In other words, if ξ is the
kernel of the 1-form α then ΓΣ = {x ∈ Σ|α(v(x)) = 0}.

We often refer to the dividing set as dividing curves which is legitimate according
to the below summarized important properties, proved by Giroux [42].
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Proposition 3.8. [42]

• ΓΣ is a finite set of disjoint, smooth, simple closed curves and arcs transverse
to the characteristic foliation of Σ. If Σ is a closed surface, ΓΣ consists of
closed curves, while if Σ is a closed surface with Legendrian boundary, ΓΣ can
contain arcs with endpoints on the boundary of Σ.

• The isotopy type of ΓΣ is independent of the choice of the contact vector field v.

• Σ \ ΓΣ = R+ ∪ R− with the following notations: R+ is the subsurface of Σ
where α(v) > 0, while R− is the subsurface where α(v) < 0.

The dividing set carries essential information of the contact structure on a neigh-
borhood of the convex surface. This is indicated by the next theorem by Giroux,
which we usually call Giroux’s Flexibility Theorem. For the proof see [42] or [26].

Definition 3.9. Let F be a singular foliation and Γ a disjoint union of properly
embedded curves on a convex surface Σ. We say that F divides Γ if there exists
some I-invariant contact sturcture ξ on Σ × I such that F = ξ|Σ×{0} and Γ is the
dividing set of Σ × {0}.

Theorem 3.10 (Giroux’s Flexibility Theorem, Giroux, [42]). Let Σ ⊂ (Y, ξ) be a
closed convex surface or a compact convex surface with Legendrian boundary. Let FΣ

denote its characteristic foliation, v a contact vector field and Γ the dividing set on
Σ. Let F be another singular foliation on Σ divided by Γ. Then there is an isotopy
ϕt, (t ∈ [0, 1]) of Σ such that ϕ0(Σ) = Σ, the characteristic foliation Fϕ1(Σ) = F ,
the isotopy is fixed on Γ and ϕt(Σ) is convex for all t.

A corollary of Giroux’s Flexibility Theorem is that we can choose the slope
of ruling curves arbitrarily. Indeed, the following lemma can be found in [50] as
Corollary 3.6.

Lemma 3.11. [50] Let T be a convex torus in (Y, ξ). Consider the identification
of T with R2

⧸Z2 with coordinates (x, y). Let the Legendrian rulings be the curves
y = rx+ b, and the Legendrian divides y = k

2n
. Then we can modify the slopes of the

rulings by a C0-small perturbation near the divides from r ̸= 0 to any other r′ ̸= 0,
including r = ∞.

The dividing set helps us understand how the contact plane field twists around
the convex surface. More precisely, the followings hold.

Proposition 3.12. [26] Let Σ be a convex surface in (Y, ξ) with dividing set Γ, and
consider a Legendrian curve L on Σ which is transverse to Γ. Then

tw(L,Σ) = −1
2#(L ∩ Γ),
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where tw(L,Σ) measures the twisting of the Thurston-Bennequin framing along
L with respect to the surface and # denotes the number of intersection points.
Moreover, if Σ is a Seifert surface for L then

tb(L) = −1
2#(L ∩ Γ)

and with the subsurfaces from Proposition 3.8,

rot(L) = χ(R+) − χ(R−).

The idea of the proof is to consider a convex vector field v for Σ. The twist-
ing of the contact structure relative to Σ is the same as its twisting relative to v.
Moreover, we can observe that this twisting always happens in the same direction,
see [26, Theorem 2.30.] for the proof.

Furthermore, studying the dividing set, we can also tell whether there exists a
tight contact neighborhood of the convex surface:

Theorem 3.13 (Giroux’s Criterion, Giroux, [44]). Let Σ ⊂ (Y, ξ) be a closed convex
surface or a compact convex surface with Legendrian boundary, with dividing set Γ.
Then Σ has a tight neighborhood if and only if Σ ̸= S2 and Γ has no homotopically
trivial curves or Σ = S2 and Γ is connected.

The proof of this theorem (see [44, Theorem 4.5]) is based on the fact that we
can Legendrian realize almost any curve on a convex surface. The precise statement
below is by Kanda [97] and generalized by Honda [50].

Theorem 3.14 (Legendrian Realization Principle, Kanda, [97], Honda, [50]). Let
Σ ⊂ (Y, ξ) be a convex surface and C ⊂ Σ a properly embedded multicurve which
is nonisolating, that is, transverse to Γ and the closure of every component of
Σ \C intersects Γ. Then C can be made Legendrian. In other words, there exists an
isotopy ϕt, t ∈ [0, 1] of Σ such that ϕ0(Σ) = Σ, the dividing curves ϕ1(Γ) = Γϕ1(Σ),
the surface ϕt(Σ) is convex for all t, and ϕ1(C) is Legendrian.

Next, we observe how the dividing set looks like on the boundary of a small tubu-
lar neighborhood of a Legendrian curve L. Recall the Standard Contact Neighbor-
hood Theorem (Theorem 1.25). Suppose that tb(L) = n. We can identify ∂(N(L))
with R2

⧸Z2 such that for t ∈ [0, 1), the meridian corresponds to (t, 0), while the
longitude comes from the Thurston-Bennequin framing and corresponds to (0, t).
Then the slopes of the dividing curves on ∂(N(L)) are s(∂(N(L))) = 1

n
(see also

[30, Section 1.1.]).
Finally, we describe how we can join two convex surfaces which meet along their

Legendrian boundaries. If two convex surfaces meet along a Legendrian curve, we
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can match their dividing sets. We call this procedure edge rounding, first described
by Honda [50]. This way we can make one single convex surface out of two convex
surfaces.

Theorem 3.15 (Edge Rounding, Honda, [50]). For i = 1, 2, let Σi be a convex
surface with dividing set Γi and assume that ∂Σ1 = ∂Σ2 is Legendrian. Using the
standard local model around ∂Σi in R3 we can write Σ1 = {(x, y, z)|x = 0, y ≥ 0}
and Σ2 = {(x, y, z)|y = 0, x ≥ 0}. Then we can glue Σ1 to Σ2 by rounding the
edge ∂Σ1 = ∂Σ2 to get a smooth surface Σ so that the dividing curves Γi con-
nect up to form the dividing set on Σ according to Figure 3.2. We can model
the edge rounding by replacing a small neighborhood ν(∂Σ) with the intersection
ν(∂Σ) ∩ {(x, y, z)|(x− ρ)2 + (y − ρ)2 = ρ2} for a suitable ρ ∈ R.

Figure 3.2: Edge rounding between two convex surfaces

3.1.2 Bypasses

There is a fundamental operation on convex surfaces providing an effective tech-
nique to investigate contact structures.

Definition 3.16. Let Σ ⊂ (Y, ξ) be a convex surface with dividing set Γ and α ⊂ Σ a
Legendrian arc starting and ending on Γ and intersecting it in three points p1, p2 and
p3 (where p1 and p3 are the endpoints of α). A bypass for Σ (along α) is a convex
half-disk D with Legendrian boundary satisfying the following (see Figure 3.3):

1. D ∩ Σ = α,

2. ∂D = α ∪ β,

3. tb(∂D) = −1,

4. α ∩ β = {p1, p3} are corners of D and are elliptic singularities of the charac-
teristic foliation on D.
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Figure 3.3: Bypass disk for Σ

Note that we can always smooth the corners of the bypass disk (see
[50, Lemma 3.13.]). By Giroux’s Flexibility Theorem (Theorem 3.10), we can isotope
the bypass disk D to have characteristic foliation as in Figure 3.4. Considering an
orientation on D, either D or −D has the following tangencies along the boundary
(see Figures 3.4 and 3.5):

1. Along α, positive elliptic tangencies in p1 and p3, and a negative elliptic tan-
gency in p2,

2. Along β, positive tangencies alternating between elliptic and hyperbolic.

Definition 3.17. The sign of the bypass is the sign of the half-elliptic singular
point in the interior of α.

Figure 3.4: Characteristic foliation on a bypass disk

Bypasses will be useful tools to find destabilizations of Legendrian knots. A by-
pass disk determines a destabilization of its Legendrian attaching arc. More precisely,
the following is true, see [90, Proposition 1.].

Proposition 3.18. [90] Let Σ ⊂ (Y, ξ) be a convex surface. Suppose that there is
a bypass D for Σ along a Legendrian attaching arc α. Let ∂D = α ∪ β. Then the
Legendrian arc β is a destabilization of α.
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Figure 3.5: Half-elliptic (left) and half-hyperbolic (right) point. The horizontal blue
line is a Legendrian divide.

Given a convex surface with a bypass disk, we can always push the surface across
the disk so that the resulting surface is again convex and its dividing set changes in
a nice way, according to the following theorem of Honda [50]:

Theorem 3.19 (Bypass Attachment, Honda, [50]). Assume Σ ⊂ (Y, ξ) is a convex
surface with a bypass disk D along α ⊂ Σ. Then there exists a neighborhood Σ× [0, 1]
of Σ ∪D such that Σ = Σ × {0}, the surface Σ × {1} is convex and the dividing sets
ΓΣ and ΓΣ×{1} are related as in Figure 3.6.

Figure 3.6: Local change of the dividing set after a bypass attachment. A portion of
Σ with attaching arc α is on the left, while the corresponding portion of Σ × {1} is
on the right.

Definition 3.20. We say that in Theorem 3.19, the convex surface Σ × {1} is
obtained from Σ by a bypass attachment from the front. We can consider a
bypass attachment from the back if we change the orientation of the interval
[0, 1] in the theorem above and mirror Figure 3.6, see Figure 3.7

Figure 3.7: Local change of the dividing set after a bypass attachment from the back
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When working with convex surfaces, it is advantageous to know whether there
exist some bypasses which modify the dividing set in a desired way. In what follows,
we discuss some apparatus for finding bypasses.

Given a dividing set, there are two obvious guesses for the bypass attaching arc,
depicted in Figure 3.8. However, these special examples are usually not the ones to
consider: Observe that attaching a bypass along the left arc in Figure 3.8 increases
the number of components of the dividing set. A homotopically trivial closed curve
component appears, which means that the neighboring contact structure is over-
twisted, see Figure 3.9. Since we only work in tight contact structures, this bypass
never occurs, and we call it a disallowed bypass. It is also easy to see that choosing
the attaching arc as in the right of Figure 3.8, the bypass does not change the di-
viding set. Therefore, we call it a trivial bypass. A trivial bypass always exists, and
attaching it to a convex surface produces a contact structure isotopic to the initial
one, see [51, Lemma 1.8 and 1.9] by Honda.

Figure 3.8: Attaching arc of a disallowed (left) and a trivial (right) bypass

Figure 3.9: A disallowed bypass attachment results in an overtwisted
contact structure.

There are some more general ways which help us find bypasses in many situations.
Such are the following observations by Honda, see [50, Proposition 3.17 and 3.18].

Definition 3.21. Let Σ be a convex surface with Legendrian boundary and dividing
set Γ. The dividing curve γ ⊂ Γ is boundary-parallel if it cuts off a half-disk
D ⊂ Σ which has no other intersections with Γ. See Figure 3.10 for an illustration.

Proposition 3.22. [50] Let Σ be a convex surface with Legendrian boundary, and
γ a boundary-parallel dividing curve of Σ. If Σ is not a disk with tb(∂Σ) = −1, then
there exists a bypass disk containing the half-disk cut off by γ.

Recall from Figure 3.3 that a bypass disk is always transversal to the convex
surface it is attached to. Thus we see that the bypass disk we find using the above
proposition is for a small perturbation of Σ (compare to [26, Lemma 5.18.]). Observe
that by Proposition 3.18 this means that if we find a boundary-parallel dividing curve
(and Σ is not a disk with tb(∂Σ) = −1), then ∂Σ destabilizes.
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Proposition 3.23 (Imbalance Principle, Honda, [50]). Let (Y, ξ) be a tight contact
3-manifold, and consider S1 × [0, 1] ⊂ (Y, ξ) convex with Legendrian boundary. If
tb(S1 × {0}) < tb(S1 × {1}) ≤ 0, then there exists a bypass along S1 × {0}, see
Figure 3.10.

Figure 3.10: According to the Imbalance Principle there is a bypass along S1 × {0}.
We can recognize it by finding a boundary-parallel dividing curve.

Our last tool mentioned here for finding bypasses is a proposition by Honda,
Kazez and Matić [53] which enables us to swap a bypass to another one which may
be more convenient to examine. To state this, we need to introduce a notion:

Let Σ be a convex boundary component of a tight 3-manifold (Y, ξ) and let Γ
denote the dividing set on Σ. Consider Σ with the opposite orientation as the one
induced from the orientation on Y . Let α and α′ be two disjoint Legendrian arcs in
Σ that start and end on Γ, start on an arc γ1 ⊂ Γ, and both intersect Γ in exactly
three points. Suppose that there is an embedded rectangle R in Σ such that its two
sides are subarcs of α and α′ and its other two sides are subarcs of γ1, γ2 ⊂ Γ, see
Figure 3.11 for an illustration. Assume furthermore, that α and α′ extend beyond
γ2, not reintersecting ∂R, and that with the orientation induced from R, the curve
γ2 starts on α′ and ends on α. Then we say that α is to the left of α′.

Figure 3.11: α is to the left of α′. The figure is local, any of the four dividing arcs
may be part of the same dividing curve in Γ. If there is a bypass for α′ then there
is a bypass also for α.

Proposition 3.24 (Bypass Rotation, Honda-Kazez-Matić, [53]). Let (Y, ξ) be a tight
contact 3-manifold and Σ ⊂ (Y, ξ) a convex surface. Let α and α′ be two disjoint
Legendrian arcs in Σ such that α is to the left of α′. If there is a bypass for Σ
attached along α′ from the front side of the diagram, then there is a bypass for Σ
attached along α from the front.

For the proof see [53, Lemma 4.2].
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Through standard neighborhoods we obtain a useful correspondence between
bypasses and destabilizations, see also [50, Lemma 3.15 and 4.4], [7, Section 2.4.]
and [28].

Lemma 3.25 (Twist Number Lemma, Honda, [50]). Let L ⊂ (Y, ξ) be a Legendrian
knot with tb(L) = n. Denote the standard contact neighborhood of L by N(L). If
there exists a bypass attached along a Legendrian ruling curve of slope r on ∂(N(L))
and 1

r
> n + 1, then there is a Legendrian curve with larger tb isotopic (but not

Legendrian isotopic) to L. Clearly, the convex torus obtained by attaching the bypass
bounds a solid torus. This solid torus is a neighborhood of a Legendrian knot L′,
which is a destabilization of L.

As a corollary, if we find a bypass for a Legendrian knot, then we can increase
its Thurston-Bennequin number. Moreover, in the above setup, attaching a bypass
is equivalent to destabilizing the Legendrian knot.

3.1.3 Some classification results of tight contact structures

Classifying contact structures on a 3-manifold up to isotopy is a fundamental
problem with still numerous open questions. In this section, we collect some of the
most important classification results. Although not presented here, most of their
proofs rely on convex surface theoretic methods. Therefore, they are great examples
to demonstrate how fruitful applications the above theory provides. A part of these
classification theorems will be used in our proofs in Section 3.2.

The classification of overtwisted contact structures on closed 3-manifolds is
known due to Eliashberg [16], but here we only concentrate on tight contact struc-
tures.

Eliashberg [17, 18], also gave a classification of tight contact structures on B3,
S3, S2 ×S1 and R3. Of these, the most significant for our purpose is his theorem on
the 3-ball.

Theorem 3.26 (Eliashberg, [17]). Let ξ be a contact structure on a neighborhood of
∂B3 such that ∂B3 is convex with a connected dividing set. Then ξ uniquely extends
to a tight contact structure on B3 up to an isotopy fixing the boundary.

Consequently, we can consider the above (B3, ξ) as a building block of contact
3-manifolds. Many classification results are based on the idea of cutting a 3-manifold
into 3-balls and examine the dividing set on the boundaries of each piece.

Kanda [97] and Giroux independently obtained the classification of tight contact
structures on the 3-torus.
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Theorem 3.27 (Kanda [97]). Let n ∈ N+ and consider the contact structure
ξn = ker(sin(2πnz)dx+ cos(2πnz)dy) on the 3-torus T 3.

• For any tight contact structure ξ on T 3 there is a positive integer n such that
(T 3, ξ) is contactomorphic to (T 3, ξn). If n ̸= m, then (T 3, ξn) and (T 3, ξm)
are not contactomorphic.

• Any contactomorphism of (T 3, ξn) is isotopic to an automorphism which pre-
serves the 1-form dz. Conversely, any automorphism of T 3 which preserves dz
is isotopic to a contactomorphism with respect to ξn.

In Section 3.1.1, we defined the slope of the dividing curves on the boundary
torus of a standard neighborhood of a Legendrian knot. In what follows, we will
need to describe the dividing set on tori, and use the above notion in a more general
sense:

Definition 3.28. Consider a tight contact structure on S1 ×D2 with convex bound-
ary T 2. Fix an oriented identification of T 2 = ∂(S1 × D2) with R2

⧸Z2 such that
for t ∈ [0, 1), the meridian corresponds to (t, 0), while the longitude comes from a
chosen framing f of S1 × 0 and corresponds to (0, t). Then the slope s(T 2) of the
dividing curves on T 2 is the slope of the curves under the identification T 2 ∼= R2

⧸Z2.

Etnyre [25] classified tight contact structures on some lens spaces. On
solid tori, Makar-Limanov reached partial results. He proved the following as
Theorem 5.4. in [63]:

Proposition 3.29. [63] Consider S1 ×D2 with a fixed convex boundary T 2 on which
ΓT 2 has two components with slope s(T 2) = 1

n
for a negative integer n. There exists

a unique tight contact structure on S1 × D2 with this boundary. Moreover, up to
modifying the characteristic foliation on the boundary, this tight contact structure is
isotopic to the standard neighborhood of a Legendrian curve L with tb(L) = n.

In 1999, the complete classifications of tight contact structures on lens spaces,
solid tori and toric annuli T 2 × I with convex boundary were given by Honda [50]
and independently by Giroux [43]. Here we state Honda’s result for solid tori.

Theorem 3.30 (Honda, [50]). Consider the tight contact structures on S1 ×D2 with
convex boundary T 2, on which ΓT 2 has two components with slope

s(T 2) = −p

q
= r0 − 1

r1 − 1
r2−... 1

rk

(where p ≥ q > 0, (p, q) = 1 and all ri < −1). There exist exactly
|(r0 + 1)(r1 + 1)...(rk−1 + 1)(rk)| tight contact structures on S1×D2 with this bound-
ary condition, up to isotopy fixing T 2.
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For Σ × I, where Σ denotes a closed, oriented surface with genus two, Cofer [10]
obtained partial results, while Honda, Kazez and Matić [52] gave a classification of
tight contact structures on such Σ × I when Σ has genus at least two.

Ghiggini and Schönenberger [41] obtained classification results for specific ex-
amples of small Seifert manifolds. Wu [96], Ghiggini, Lisca, Stipsicz [39, 40],
Tosun [93] and Matkovič [67] also studied small Seifert fibered 3-manifolds (Seifert
fibrations over S2 with three singular fibers) and obtained a complete classification.

3.2 The upper bound

Our aim in this section is to give an upper bound on the number of maximal tb
Legendrian realizations of a special family of knots.

We examine double twist knots. Recall from Section 2.2.2, that double twist knots
are knots with standard form shown in Figure 2.14, where the upper box contains k
while the lower box contains m half twists. We denote the illustrated knot type by
K(k,m). Recall that double twist knots are two-bridge knots (so alternating) and
K(k,m) corresponds to the continued fraction expansion [k,m− 1, 1].

In the next theorems and in Section 3.2.3, we will only consider k = 4. However,
Sections 3.2.1 and 3.2.2 cover statements for general k. In most of the statements,
we discuss cases when |m| ≥ 2, because all |m| < 2 cases are known: m = 0 is the
unknot, while if |m| = 1, then K(k,m) is a torus knot, which are all Legendrian
simple [21], [28]. We are going to prove the following:

Theorem 3.31. For |m| ≥ 2, the number of non-destabilizable Legendrian realiza-
tions of the double twist knot K(4,m) in (S3, ξstd) is

• at most 10, if m > 2, and

• at most 10 · ⌊ (|m|+2)2

4 ⌋ if m ≤ −2.

In the next theorem we compute the maximal tb of K(4,m). (Note that here we
do not assume |m| ≥ 2).

Theorem 3.32. The maximal tb of a Legendrian realization of the double twist knot
K(4,m) in (S3, ξstd) is

• 1 −m, if m ≥ 0 and even,

• −7 −m, if m ≥ 0 and odd,

• 1, if m < 0 and even,

• −7, if m < 0 and odd.
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Proof. The proof is an application of Proposition 1.22 stating that the existence of a
normal ruling implies that the tb is maximal. In each case we give a front diagram of
a Legendrian knot realizing the knot type and show that it admits a normal ruling,
see Figure 3.12. By Proposition 1.22 this is enough to prove that the given knots
maximize tb.

Figure 3.12: Maximal tb front diagrams of the knot type K(4,m). The black dots
indicate that every crossing is a switch in the normal ruling.

Now our claim follows by easy computation. Recall from Proposition 1.16 that
tb = wr − 1

2 · c. We need to observe how the orientation of the strands and the
number of cusps depends on m, see Figure 3.12.

• If m ≥ 0 and even, the crossings in the box are negative, all the others are
positive, and cusps only occur outside the box. Therefore

tb = 6 −m− 1
2 · 10 = 1 −m.

• If m ≥ 0 and odd, the crossings in the box are negative, outside the box there
are 2 positive and 4 negative crossings and cusps only occur outside the box.
Therefore

tb = −2 −m− 1
2 · 10 = −7 −m.

• If m < 0 and even, all crossings are positive and near each crossing inside the
box there are two cusps, hence the contribution of the braid in the box is 0.
Therefore

tb = 6 − 1
2 · 10 + 0 = 1.
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• If m < 0 and odd, there are 2 positive and 4 negative crossings outside the
box, inside all crossings are positive and to each belong 2 cusps, hence again,
the contribution of the braid in the box is 0. Therefore

tb = −2 − 1
2 · 10 + 0 = −7.

□

In what follows, we verify some general results for double twist knots, and prove
the upper bound Theorem 3.31. Our plan is to cut S3 and the double twist knot
inside it into two parts along a 2-sphere. In subsections 3.2.1, 3.2.2 and 3.2.3, we
examine these parts and in each we give upper bounds on the number of Legendrian
realizations of interest. In particular, in Section 3.2.1 we understand the sphere we
cut along by making it convex and normalizing its dividing curve. In Sections 3.2.2
and 3.2.3 we investigate the inner and the outer part, respectively. We give upper
bounds on the number of non-destabilizable Legendrian realizations of the 2-braid
obtained by cutting the double twist knot. Finally, the proof of Theorem 3.31 will
follow as a corollary in Section 3.2.3.

3.2.1 The dividing curve on the sphere

Our aim in the following sections is to prove Theorem 3.31. First of all, we
introduce some notations and make some preliminary observations.

In the next sections it will be particularly important to distinguish between Le-
gendrian and smooth knots. Therefore, from this point on, we will denote Legendrian
knots by calligraphic capital letters, while smooth knots by regular capital letters.
Consider a double twist knot K(k,m) ⊂ S3. Observe, that k or m has to be even,
otherwise (when k and m are both odd numbers) K(k,m) is a 2-component link.
If |k| ≤ 2 or |m| ≤ 2, then K(k,m) is a twist knot and by a result of Etnyre, Ng
and Vértesi [23], we have a complete Legendrian classification result. Therefore, we
concentrate on the |k|, |m| > 2 case.

Let K denote the smooth knot type of K(k,m). There is an embedded 2-sphere
S in S3 which intersects K in four points and divides S3 into two 3-balls Bout and
Bin such that K ∩ Bout is a vertical 2-braid with k half-twists, while K ∩ Bin is a
horizontal 2-braid with m half-twists according to Figure 3.13.

Fix a standard model of K as shown in Figure 3.13, and take a Legendrian
realization L of K(k,m). As L is smoothly isotopic to K(k,m), there is an isotopy
ψ : S3 → S3 taking K(k,m) to L so that the image ψ(S) of the sphere S is a
convex surface. According to Theorems 1.25 and 3.14, we can choose a sufficiently
small standard neighborhood N of L such that its boundary intersects ψ(S) in four
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.
Figure 3.13: The sphere S divides S3 into two 3-balls Bin and Bout. The intersection
of K with Bout is a vertical 2-braid with k half-twists, while its intersection with Bin
is a horizontal 2-braid with m half-twists.

Legendrian unknots. First, we normalize the pull-back ψ−1(Γ) of the dividing set on
S. Then, in Sections 3.2.2 and 3.2.3, we will examine K ∩ Bin and K ∩ Bout. The
results presented here are based on generalizations of the proofs in [23].

Theorem 3.33. Let k > 2, |m| > 2 or m = −2, and fix the double twist knot
K(k,m) and the sphere S as above. Consider a tubular neighborhood ν(K(k,m))
of K(k,m) and let P = S \ ν(K(k,m)), the sphere with four disks removed. For
any Legendrian realization L of K(k,m), there is an isotopy ψ : S3 → S3 such
that ψ(S) and ψ(P ) are convex surfaces, ψ(∂P ) are four Legendrian unknots with
tb = −1, N = ψ(ν(K(k,m))) is a standard contact neighborhood of L and the
pullback ΓP ⊂ P of the dividing curves on ψ(P ) is normalized as in Figure 3.14.

Figure 3.14: The normalization of ΓP on ψ(P )

For the sake of easier notations, we will identify every set with its image by ψ

and use the same notations throughout the proofs and lemmas.
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To verify Theorem 3.33, we need the following lemma.

Lemma 3.34. Let k > 2, |m| > 2 or m = −2 and consider a Legendrian realization
L of the double twist knot K(k,m). There exists a Legendrian unknot U such that
tb(U) = −1 and U is topologically isotopic to the curve B of Figure 3.15 in the
complement of L.

Figure 3.15: The curve B in the complement of L. There is a Legendrian unknot U
in the complement of L and in the topological class of B with tb(U) = −1.

We will prove Lemma 3.34 later in this section, because we first need some further
notations and statements. However, to motivate the following discussion, we give a
short idea of the proof here: In the topological class of B, we can always find a
Legendrian knot U smoothly isotopic to the unknot and disjoint from L. Thus, it
is enough to concentrate on tb(U). In the standard contact structure, tb(U) = −n
for some n > 0. Suppose that U is chosen in the complement of L so that tb(U) is
maximal among Legendrian knots in its topological class. Our aim will be to show
that n > 1 leads to a contradiction.

According to the above reason, in what follows, we suppose that U is a Legendrian
knot in the topological class of B, which is smoothly isotopic to the unknot and
disjoint from L. Moreover, we assume that tb(U) = −n for some n > 0 is maximal.
Next, we introduce some notations.

Consider a standard contact neighborhood NU of U that is disjoint from L, and
let Q = S3 \NU a solid torus S1 ×D2 with convex boundary. Since −∂Q bounds a
neighborhood of a U , there are two dividing curve components on it with slopes −n.

By Lemma 3.11, ruling curves on Q can be assumed to be meridional, and we can
choose two disks D1 and D2 in Q bounded by ruling curves, as shown in Figure 3.16.
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Figure 3.16: Two disks D1 and D2 in Q bounded by meridional ruling curves

Isotope D1 and D2 so that they become convex, and that they both intersect
the neighborhood N of L in two disks with Legendrian boundary of tb = −1. Now
∂Q\(∂D1 ∪∂D2) are two annuli A1 and A2 and after rounding corners, we can think
of A1 ∪D1 ∪D2 as the sphere S.

For i = 1, 2, let Pi = Di \ N a pair of pants with three boundary components
ci,1, ci,2 and ci,3, where ci,3 is the boundary component in ∂Q and by Lemma 3.11,
we can assume that ci,1 and ci,2 are ruling curves in ∂N .

Let Ai,j denote an annular neighborhood of ci,j in Pi, and define P ′
i as the closure

of the complement of the Ai,j regions in Pi, that is,

P ′
i = Pi \

3⋃
j=1

Ai,j.

Figure 3.17: The dividing curves on Pi. The inner circles are ci,1 and ci,2, while ci,3 is
the outer boundary component of Pi. The dark annuli are Ai,j and P ′

i is the lighter
shaded region. The dividing curves are horizontal segments in P ′

i and they twist in
Ai,j in a non-intersecting way.
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Lemma 3.35. The dividing curves on Pi are as in Figure 3.17. More precisely,
on P ′

i , we can imagine the dividing curves as horizontal segments intersecting the
boundary component of Ai,1 and Ai,2 in 2, while the boundary component of Ai,3 in
2n points. On Ai,j, the dividing curves can be assumed to be the (non-intersecting)
extensions of the dividing curves on P ′

i with some number of twists between the above
mentioned intersection points.

Proof. Observe that the dividing curves run around ∂Q once in the meridional
and n times in the longitudinal direction. Therefore they intersect ci,3 2n times.
Furthermore, the dividing curves on N intersect ci,1 and ci,2 twice. This means that
along each inner boundary component of Pi (ci,1 or ci,2) there can be at most one
boundary parallel dividing curve. Thus, if there are more than two boundary parallel
dividing curve components on Di, then at least one of them is also boundary parallel
in Pi, with the boundary component ci,3. Having a boundary parallel dividing curve
component on ci,3 would allow us to do a bypass and destabilize U in the complement
of L, which would contradict the maximality of tb(U). So we know that the dividing
curves on Pi are as in Figure 3.17. □

We continue our preparations with some further definitions and observations.
Recall that we thought of A1 ∪D1 ∪D2 as the sphere S. Now we define a curve γ in
S for L such that it bounds a disk Dout in Bout, disjoint from L. Depending on the
number k in K(k,m), let γ0 ⊂ S be the curve shown in Figure 3.18, and define γ
as the image if γ0 after

⌊
k
2

⌋
Dehn twists on the sphere S along the curve t shown in

Figure 3.19 (positive Dehn twists if k is positive and negative ones if k is negative).

Figure 3.18: The curve γ0 on S. The shaded regions are P1 and P2. Note that the
definition of γ0 depends on the number k in K(k,m).

For an example, see Figure 3.20 illustrating the definition of γ in the k = 2 case.
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Figure 3.19: The curve t in S along which we do Dehn twists on γ0 to obtain γ.

Figure 3.20: If k = 2, we obtain the curve γ from γ0 by a positive Dehn twist along
t on S.

To see why this curve is appropriate, first consider an unknot in S3 obtained by
fixing K(k,m) ∩Bin and instead of completing this part with K(k,m) ∩Bout, close
it with two unknotted arcs in Bout as shown on the left hand side of Figure 3.21.

Figure 3.21: Closing K(k,m) ∩ Bin with two unknotted arcs in Bout (instead of
K(k,m) ∩Bout). From this unknot we obtain K(k,m) by doing |k|

2 twists in Bout.

Note that from this unknot, we can getK(k,m) by twisting the upper hemisphere
over t and extending it onto Bout as on the right hand side of Figure 3.21. For k > 0
we need k

2 negative twists, while for k < 0, we need |k|
2 positive twists. Clearly, γ0

bounds a disk in Bout disjoint from L, and doing Dehn twists, the disk bounded by
γ also remains disjoint from L, see Figure 3.22 for an illustration.
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Figure 3.22: The curve γ bounds a disk in Bout disjoint from L. This figure illustrates
the case k = −1 and the disk is the blue shaded region.

Recall the notations of Figure 3.17, and consider the annulus A = A1 ∪A1,3 ∪A2,3

on the sphere, see Figure 3.23. We can assume that all the intersection points of the
curve γ and the dividing curve of S are in A. Examine the intersection of γ with
the annulus A. We can choose γ0 so that it intersects A in 2 arcs if k is odd,
while is disjoint from A if k is even (as in Figure 3.18). After each Dehn twists 4
further arcs of intersection occur (2 at the front and 2 at the back of the sphere S),
see Figure 3.24. Therefore, in every case, the intersection of γ with the annulus A
consists of 4 · k

2 = 2 + 4 · k−1
2 = 2k arcs, let us denote them by γ1, γ2, ..., γ2k.

Figure 3.23: The annulus A = A1 ∪ A1,3 ∪ A2,3 on the sphere S

Isotope γ so that it intersects P ′
i in horizontal arcs, and identify the closure of

A with S1 × [0, 1]. We understood the dividing curves on ∂Q. Consequently, we also
know that there are 2n arcs of the dividing curves on A, running from one boundary
component to the other in a non-intersecting way. Think of S1 as the interval [0, 2n]
with identified endpoints. We can assume that the 2n arcs of the dividing curves on
A intersect both S1 × {0} and S1 × {1} in 2n equally spaced points, thus the two
boundary components of A are partitioned into 2n arcs. For an arc between the two
boundary components of A, define its slope as the slope of the line on the cylinder

[0, 2n] × [0, 1]⧸({0} × [0, 1]) ∼ ({2n} × [0, 1])

representing this arc. We work in a tight contact structure, so by Giroux’s Criterion
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(Theorem 3.13) the dividing curve on S is connected. From this, we also know that
the slope s of the dividing curves on A must be relatively prime to n.

Then, for k > 2, we can choose γ1, γ2, ..., γ2k so that their slopes are

2, 0, ..., 0, n, n− 2,

respectively, see Figure 3.24.

Figure 3.24: The blue arcs between the regions P1 and P2 are γ1, γ2, ..., γ2k, and the
blue number on them is their slope. The 2n arcs on the boundary of Pi determined by
the dividing curves are numbered with black. For k > 2, we can isotope γ1, γ2, ..., γ2k

so that their slopes are 2, 0, ..., 0, n, n−2. This figure illustrates the cases when k = 3
(left) and k = 4 (right).

Similarly, we define a curve γ′ in S for L such that it bounds a disk Din in Bin

disjoint from L. Depending on the number m in K(k,m), let γ′
0 be the curve shown

in Figure 3.25, and define γ′ as the image of γ′
0 after some number of Dehn twists

on S along the curve t′. We need m
2 Dehn twists when m is even and m−1

2 Dehn
twists when m is odd (positive Dehn twists if m is positive and negative ones if m
is negative).

Figure 3.25: The curves γ′
0 and t′ in S. The shaded regions are P1 and P2. The

definition of γ′
0 depends on the number m in K(k,m).

Again, we can assume that all the intersection points of γ′ and the dividing
curves of S are in A. Observe that γ′ always intersects the annulus A in two parallel
arcs γ′

1 and γ′
2 of slope nm. (If m is even, then 2n · m

2 , if m is odd, then n+2n · m−1
2 .)
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Legendrian realize γ and γ′ and make Dout and Din convex without moving γ

and γ′. If tb(γ) or tb(γ′) is not maximal, then we can destabilize the curve by finding
boundary parallel dividing arcs on Dout or on Din. We can also notice, that in this
case, Dout or Din has at least two boundary parallel dividing arcs, since a disk cannot
have only one boundary parallel dividing arc. This means that we can find at least
two bypasses for S \ NU , disjoint from L. Let c denote a curve along which such
a bypass is attached. Recall that by Lemma 3.35, the dividing curves on Pi are
arranged as in Figure 3.17, and that γ and γ′ intersect the dividing curves of S only
on the annulus A. Therefore, if c ∩ (P ′

1 ∪ P ′
2) has at most one component, then we

can apply Claim 4.3. of Etnyre, Ng and Vértesi [23] stating the following:

Proposition 3.36. [23] If n > 1 and there is a bypass attached from inside or
outside along a curve c that intersects P ′

1 ∪P ′
2 in at most one component then U can

be destabilized.

Remark 3.37. In the proof of Proposition 3.36, the following statements
are verified:

• if n ̸= 3 then U can be destabilized,

• if n = 3 then either U can be destabilized or the slope s of the dividing curves
on A can be increased by 1 if c is attached from inside and decreased by 1 if c
is attached from outside. After changing s once, any further bypasses attached
from the same side of S will yield a destabilization of U . Moreover, we can
always find two consecutive bypasses along arcs of γ or γ′. Thus, also in this
case, U can be destabilized.

For the details see [23, Claim 4.3.].

Corollary 3.38. If c∩(P ′
1∪P ′

2) has at most one component and n > 1, then (possibly
after changing s once) we can find bypasses such that U destabilizes, contradicting
the maximality of tb(U).

Let us examine how many components c ∩ (P ′
1 ∪ P ′

2) has.

Lemma 3.39. There is a bypass (attached from inside or outside) along a curve c
that intersects P ′

1 ∪ P ′
2 in at most one component.

Proof. We denote the dividing curves on A by ΓA. Recall that γ bounds a disk in
Bout, while γ′ in Bin. Therefore, a bypass along a curve c on γ is a bypass from
outside, while on γ′ is a bypass from inside.

To count the components of c ∩ (P ′
1 ∪ P ′

2), we will examine the number of inter-
section points of ΓA and γ or γ′. In particular, we will show that for any possible
m, n and s, either
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• all subarcs c of γ which intersect ΓA in three points (that is, can be an attaching
arc of a bypass) intersect P ′

1 ∪ P ′
2 in at most one component, or

• all subarcs c of γ′ which intersect ΓA in three points (that is, can be an at-
taching arc of a bypass) intersect P ′

1 ∪ P ′
2 in at most one component.

Fix an orientation on S, γ and γ′. Moreover, orient ΓA according to the ori-
entation of ∂R+ (recall from Proposition 3.8 that R+ ⊂ S denotes the subsurface
where α(v) > 0). Call an intersection point of γ (or γ′) and ΓA positive/negative
if the intersecting arcs of γ (or γ′) and ΓA form a positive/negative basis of S. A
consecutive positive and negative intersection point together can form a canceling
pair, see Figure 3.26.

Figure 3.26: A canceling pair of a positive and a negative intersection point

To work with the minimal number of intersections, we want to avoid canceling
pairs in ΓA ∩ γ and in ΓA ∩ γ′. We need to examine two cases. We will check that
either

Case 1: the intersection points of ΓA and γ are non-canceling and |ΓA ∩ γi| ≥ 2 for
i = 1, 2, ...2k, or

Case 2: the intersection points of ΓA and γ′ are non-canceling and |ΓA ∩ γ′
i| ≥ 2 for

i = 1, 2.

This would suffice for the proof because of the followings: if in the first case,
for every i = 1, 2, ...2k, there are at least two intersection points on A, that is, if
|ΓA ∩ γi| ≥ 2, then we know that for any bypass curve c only the third intersection
point can lie on P ′

1 or on P ′
2. Thus c ∩ (P ′

1 ∪ P ′
2) has at most one component.

Similarly, if in the second case, for both γ′
1 and γ′

2 the number of intersection points
|ΓA ∩ γ′

i| ≥ 2, then c ∩ (P ′
1 ∪ P ′

2) has at most one component.
First, let us check when Case 2 holds by studying ΓA ∩ γ′. Recall, that the two

parallel components γ′
1, γ′

2 of γ′ have slope nm, while the dividing curves of ΓA have
slope s. For i = 1, 2, the number of intersection points |ΓA ∩γ′

i| = |s−nm|. Since γ′
1

and γ′
2 are parallel, the signs of the intersection points all agree, so the intersections

of γ′ with ΓA cannot be canceled.
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Next, we check whether for both γ′
1 and γ′

2 there are at least two intersection
points on A, that is, if |ΓA ∩ γ′

i| ≥ 2. As mentioned before, this would mean that
c ∩ (P ′

1 ∪ P ′
2) has at most one component for any bypass curve c along γ′.

A short analysis shows that |ΓA ∩ γ′
i| = |s − nm| ≥ 2 with n > 1 holds for all

|m| > 2 when |s| ≤ 3n− 2. So if |m| > 2 our statement holds for a bypass along γ′,
proving Lemma 3.39 for the pairs (n, s) shown on Figure 3.27. If m = −2 then the
condition |ΓA ∩ γ′

i| = |s− nm| ≥ 2 with n > 1 is equivalent to |s+ 2n| ≥ 2 which is
true for all s ≥ 0, see Figure 3.28.

Figure 3.27: The (n, s) pairs for which the conditions of Case 2, in particular |ΓA ∩
γ′

i| = |s− nm| ≥ 2 with i = 1, 2 and n > 1 hold for all |m| > 2.

Next we study the bypasses along γ to check when Case 1 holds.
We chose the arcs γ1, γ2, ..., γ2k so that their slopes were 2, 0, ..., 0, n, n− 2. Now

the signed number of intersections with ΓA are s − 2, s, ..., s, s − n, s − n + 2. To
make sure that there are no canceling pairs, we need that the signs of the numbers
s− 2, s, ..., s, s− n, s− n+ 2 agree. Moreover, we would like to see that whenever
|ΓA ∩ γ′

i| < 2 for i = 1 or 2 (that is, the conditions of Case 2 do not hold), then each
of |ΓA ∩ γ1| = |s − 2|, |ΓA ∩ γ2| = |s|,...,|ΓA ∩ γ2k−2| = |s|, |ΓA ∩ γ2k−1| = |s − n|,
|ΓA ∩ γ2k| = |s− n+ 2| are at least 2.

The pairs (n, s) for which every part of these two conditions hold are shown in
Figure 3.29.

Finally, compare the (n, s) pairs when we verified that Lemma 3.39 holds for a
bypass along γ or γ′. We see that if |m| > 2 the union of the pairs in Figure 3.27
and in Figure 3.29, while if m = −2, the union of the pairs in Figure 3.28 and in
Figure 3.29 cover all the possible (n, s) pairs. This means that we proved Lemma
3.39 in every case. □
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Figure 3.28: The (n, s) pairs for which the conditions of Case 2 hold with m = −2.
In the shaded region |s+ 2n| ≥ 2 with n > 1.

Figure 3.29: The pairs (n, s) for which the conditions of Case 1 hold, thus |ΓA∩γi| ≥ 2
for i = 1, 2, ...2k.

Proof of Lemma 3.34. Recall that we chose U to be a Legendrian knot in the to-
pological class of B, which is smoothly isotopic to the unknot and disjoint from L.
Moreover, we assumed that tb(U) = −n is maximal with some n > 0. Assume that
n > 1. We only need to notice that Lemma 3.39 ensures that the condition of Corol-
lary 3.38 holds in every case. So we can destabilize U , yielding a contradiction. □

We can use the above results to prove Theorem 3.33.
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Proof of Theorem 3.33. According to Lemma 3.34, we can consider a Legendrian
unknot U with maximal Thurston-Bennequin number, smoothly isotopic to B of
Figure 3.15. As in the proof of Lemma 3.34, using U , define S = A1 ∪ D1 ∪ D2,
P = P1 ∪ P2 ∪ A1, A = A1 ∪ A1,3 ∪ A2,3 and P ′ = P ′

1 ∪ P ′
2 ∪ A, and consider the

curve γ. Since tb(U) = −1, now ΓA intersects ∂A in four points: two on A1,3 and
two on A2,3. If we think of S1 as the interval [0, 2] with identified endpoints, and
A = S1 × [0, 1], then we can assume that the intersection points of A with ΓA are
(0,0), (0,1), (1,0) and (1,1). Then the slope s of the dividing curves on A is an
integer. Figure 3.30 shows the cases s = 0 and s = 1. Observe that any other case
can be obtained from these by doing some number of Dehn twists on the sphere S
along a curve parallel to a component of ∂A.

Figure 3.30: The cases when the slope of the red dividing curve on A is s = 0 (left)
and s = 1 (right). The thinner blue curve represents γ.

Since γ bounds a disk Dout in Bout, we can always find a bypass for P ′ on Dout

along γ. We will prove that after some number of bypasses, ΓA can be made to have
slope s = 1 meaning that the dividing curves on P ′ can be normalized as in Figure
3.14. Our plan is to examine cases depending on the slope s of ΓA. In each case, we
go through all the sub-arcs of γ which intersect ΓA in three points, and check how
attaching a bypass along that arc changes s.

Figure 3.31: The curve γENV of [23] and the dividing curve with slope s = 0 (left)
and s = 1 (right). Observe how γENV differs from our γ shown in Figure 3.30.

In a very similar setup, Etnyre, Ng and Vértesi proved an analogous result,
[23, Theorem 4.1.]. Our statement is a generalization of theirs. The only difference
is that we use a different γ curve yielding more possible bypass attachments to check
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(compare Figure 3.30 with Figure 3.31 showing their curve which we will denote by
γENV with dividing slope 0 and 1). Therefore, we only need to check those cases
which do not follow from [23, Theorem 4.1.].

• If s ≤ −1, then Figure 3.32 illustrates our γ curve together with the one used
in [23]. Although we have more intersection points of γ and the dividing curve,
we can see that the type of possible bypasses are all equivalent to the cases
of [23]. They showed that these bypasses are either disallowed, meaning that
they result in disconnected dividing curves, or increase the slope by 1, allowing
us to assume s = 0.

Figure 3.32: Our curve γ on the left and γENV of [23] on the right in case of s = −1.
All the possible bypass attachments along γ are equivalent to those along γENV . If
s < −1, no new type of bypass attaching curves occur.

• If s = 0, we examine Figure 3.33 to compare our situation with the one in
[23]. We can see that we have two new cases to consider, shown in Figure 3.34.
In both, after two bypass rotations, we obtain a dividing curve with slope 1,
see Figure 3.35. According to [23], all the other cases are either disallowed or
(after possibly applying bypass rotation) increase the slope by 1, allowing us
to assume s = 1.

Figure 3.33: Our curve γ on the left and γENV of [23] on the right in case of s = 0.
There are two possible bypass attachments along γ which did not occur along γENV ,
see Figure 3.34.

• s = 1 means that the dividing curves are arranged as in Figure 3.14.
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Figure 3.34: The two possible bypass attachments along γ which did not occur along
γENV in [23] in the s = 0 case.

Figure 3.35: Handling the two cases which did not occur in [23]. By applying two
bypass rotations, the dividing curve will have slope 1.

• If s ≥ 2, then Figure 3.36 demonstrates that all the possible bypass attach-
ments are also cases in [23]. They showed that these bypasses are either disal-
lowed, or after some number of bypasses, we again result in a dividing curve
with s = 1.

Figure 3.36: Our curve γ on the left and γENV of [23] on the right in case of s = 2.
All the possible bypass attachments along γ are equivalent to those along γENV .
If s > 2, no new type of bypass attaching curves occur.

Since all possible cases result in s = 1, we see that the dividing curves on P ′ can be
normalized as in Figure 3.14.

79



The last thing we need to check is that we can extend our proof from P ′ to P .
Note that they only differ in four small annular neighborhoods Ai,j (i, j = 1, 2)
of the boundary. Also, the dividing set on P only differs from that of P ′ by some
number of twists on Ai,j. Recall that we defined Pi as Di \N for a standard contact
neighborhood N of L. But we can consider a bigger tubular neighborhood Ñ of L
such that Ñ contains N and the four annuli Ai,j. Note that adding a small neigh-
borhood of the annuli Ai,j to N does not affect the slope of the dividing curves on
the tube. Therefore, we can choose Ñ to be also a standard contact neighborhood
of L. Now taking Ñ instead of N , the earlier surface P ′ is P in this new setup, and
this modification does not change the slopes of the dividing curves. Therefore, it
completes the proof of Theorem 3.33. □

3.2.2 Inside the sphere

The classification result for our 2-braid K ∩ Bin is obtained from the following
theorem of Etnyre and Vértesi [32]:

Theorem 3.40 (Etnyre-Vértesi, [32]). Consider the convex disk
D = {x2 + z2 ≤ 1} × {y0} in (S3, ξstd) with dividing curve ΓD = {0}×[−1, 1]×{y0},
and fix m points (−1 + 2i

m+1 , y0, 0) (where i = 1, ...,m) on ΓD. Then
the front diagrams of Legendrian braids in D × [−1, 1] with endpoints{
(−1 + 2i

m+1 ,−1, 0)
}m

i=1
∪
{
(−1 + 2i

m+1 , 1, 0)
}m

i=1
can be built up from the three

building blocks of Figure 3.37.

Figure 3.37: The three basic building blocks of Legendrian braids. Above or below
the strands depicted here, there may be further horizontal ones.

Corollary 3.41. A Legendrian 2-braid has three basic building blocks which we will
denote by Z = Z(1, 1), S = S(1, 1) and X = X(1, 1).

Observe in Figure 3.38 that a block X followed by a Z or an S (or vice versa) is
a stabilization. Therefore, the following proposition is immediate.
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Figure 3.38: A block X followed by a Z destabilizes.

Proposition 3.42. For a 2-braid with m half-twists

• If m ≥ 0 then a Legendrian realization of the braid either destabilizes or con-
sists of m blocks of type X.

• If m < 0 then a Legendrian realization of the braid either destabilizes or con-
sists of m blocks of type S and Z in any order.

Since K ∩ Bin is a Legendrian 2-braid with m half-twist, now we can give an
upper bound on the number of its non-destabilizable Legendrian realizations.

Theorem 3.43. The number of non-destabilizable Legendrian realizations of
K ∩Bin is

• exactly 1, if m ≥ 0, and

• at most ⌊ (|m|+2)2

4 ⌋ if m < 0 .

Proof. The m ≥ 0 case follows from Proposition 3.42.
For m < 0, Proposition 3.42 implies 2m possible realizations. Moreover,

Figure 3.39 shows that if we have three consecutive basic building blocks of type
SSZ, it is Legendrian isotopic to the consecutive building blocks ZSS.

Figure 3.39: SSZ is Legendrian isotopic to ZSS

Rotating the figure by 180° about the z axis, we can observe that SZZ is
Legendrian isotopic to ZZS. Putting these together, if we number the crossings
of K ∩ Bin from 1 to |m|, then we can swap any two building blocks with indices
of the same parity. Thus the number of S’s on the even and on the odd indices de-
termine the possible number of realizations. The number of S’s on the even indices
is in {0, ..., ⌊ |m|

2 ⌋}, while on the odd indices in {0, ..., ⌈ |m|
2 ⌉}, which means we have(

⌊ |m|
2 ⌋ + 1

)
·
(
⌈ |m|

2 ⌉ + 1
)

= ⌊ (|m|+2)2

4 ⌋ cases. □
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3.2.3 Outside the sphere

From now on, we assume that the sphere S is fixed with dividing curve as in
Figure 3.14. The aim of the present section is to give an upper bound on the number
of non-destabilizable Legendrian realizations of the 2-braid K ∩ Bout by examining
the contact structure on the complement of a neighborhood of K in Bout.

Our plan is the following: First, we observe that the boundary conditions on
the braid complement given by the maximal tb of Legendrian realizations and the
dividing curve on S determine the dividing curve of the braid complement. We
find that the number of tight contact structures on the braid complement gives
an upper bound on the number of different maximal tb Legendrian realizations
of the knot. Then, we count the possible tight contact structures on the comple-
ment S3 \ (Bin ∪ ν(K(k,m))). Note that for this, we know the dividing curve on
S = ∂Bout = ∂Bin, but do not know the dividing set on ν(K(k,m)). However, in
Theorem 3.46, we will examine the conditions prescribed on this dividing set by the
maximal tb property, and determine the possible configurations.

The following proposition is proved in [27] as Theorem 2.13.

Proposition 3.44. [27] In (S3, ξstd) two Legendrian knots are Legendrian isotopic
if and only if their complements are contactomorphic.

Let L be a Legendrian realization of K(k,m) which does not destabilize and N

a standard contact neighborhood of L. Then tb(L) determines some properties of
the dividing set of the complement ∂(S3 \ (Bin ∪ N)). Assuming these properties
as conditions on the dividing set of ∂(S3 \ (Bin ∪ ν(K(k,m)))), we can count the
number of tight contact structures on S3 \ (Bin ∪ ν(K(k,m))) with these boundary
conditions. This number gives an upper bound for the number of those Legendrian
non-isotopic Legendrian 2-braids in Bout which can be obtained as L ∩ Bout where
L is a maximal tb Legendrian realization of K(k,m).

Figure 3.40: A Legendrian realization of Bout∩K(4,m), which comes from a maximal
tb realization of K(4,m).
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Before stating the main theorem of this chapter, we verify a lemma which will
be used in the proof of the upper bound.

Lemma 3.45. The Legendrian realization in Figure 3.40 can be obtained as the
intersection of Bout with a maximal tb Legendrian realization of K(4,m).

Proof. The proof is an application of Legendrian rulings. First, consider the
Legendrian knot U which is smoothly isotopic to the unknot linked with the realiz-
ation of K(4,m) as in Figure 3.41, and the cylinder U × I. Applying Theorem 3.33,
we can normalize the dividing set on this cylinder. By Proposition 3.42 we know
that since m > 0 and even, it is enough to consider X type crossings in the box of
Figure 3.40. Then, in Figure 3.12 we saw that choosing every crossing of the front
diagram to be a switch, we obtain a ruling. Therefore, the Legendrian realization in
Figure 3.40 comes from a maximal tb Legendrian realization of K(4,m). □

Figure 3.41: The cylinder U ×I which we obtain from a Legendrian unknot U linked
with the Legendrian realization of K(4,m).

Now we state our upper bound for the outer braid K(4,m) ∩Bout. Observe that
from this point on, we work with k = 4.

Theorem 3.46. Fix k = 4, |m| > 2, and consider the double twist knot K(4,m).
Then the 2-braid K(4,m) ∩ Bout has at most 10 Legendrian realizations which can
be obtained as L ∩Bout where L is a maximal tb Legendrian realization of K(4,m).

Proof. Consider the standard model of K(4,m), the normalized sphere S and the
neighborhood ν(K(4,m)) as in Theorem 3.33 and in Figure 3.13. Let L be a non-
destabilizable Legendrian realization of K(4,m) and N a standard neighborhood
of L. Define l1 and l2 as the two Legendrian arcs of L∩Bout and their neighborhoods
N1, N2 as the components of the neighborhood N∩Bout. Observe that Bout\(N1∪N2)
is a handlebody of genus two. We can choose two compressing disks D1 and D2 that
cut Bout \ (N1 ∪N2) into a 3-ball, see Figure 3.42 for the construction.
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Figure 3.42: On the top left, the blue arc and the left black arc l1 together bound a
disk. The other figures show that isotoping these arcs in Bout we get the boundary
of a compressing disk for Bout \ (N1 ∪N2).

Use the Legendrian Realization Principle, Theorem 3.14 to Legendrian realize
∂Di by isotoping S (we keep the same notations). In Figure 3.43 we can see that ∂Di

intersects the dividing curve on ∂Bout in 5 points. Thus the number of intersection
points of ∂Di and the dividing curve on ∂Ni also has to be odd. Let x̄i denote this
number. By the smoothing of the dividing set near ∂Bout ∩ ∂Ni there are 2 such
intersection points on ∂Ni near ∂Bout. As a conclusion, we get that ∂Di intersects
the dividing curve on ∂Bout in at least 3 points.

Figure 3.43: The boundary of the compressing disk D1 and the dividing curve on
∂Bout intersect in 5 points. We can see ∂D2 by reflecting this picture about a vertical
line.

Using Proposition 3.44, we want to examine tight contact structures on
S3 \ (Bin ∪ ν(K(4,m))). By Theorem 3.26, with a prescribed connected dividing set,
there is a unique tight contact structure on B3. Since D1 and D2 cut Bout \(N1 ∪N2)
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into a 3-ball and we know the dividing set on ∂Bout, we only need to study the di-
viding set on D1 and D2.

We have already observed that x̄i (i = 1, 2) is at least 3 and odd. Let us denote
these intersection points of ∂Di and the dividing curve on ∂Ni by s0, s1, ..., s2j. There
is no bypass between the middle intersection points s1, ..., s2j−1 because it would be
a bypass along ∂Ni giving a destabilization of L. For the number of these middle
intersection points, we use the notation xi = x̄i − 2 = 2j − 1. Since ∂Di intersects
the dividing curve on ∂Bout in 5 points, now we know that the total number of
intersection points of ∂Di and the dividing set is 8 ≤ 2j + 6 ≤ 12.

Figure 3.44: Dividing set configurations on Di. xi = 2j − 1 denotes the number of
middle intersection points on ∂Ni.

Figure 3.44 shows fifteen structures of the dividing set on Di which we need to
examine. However, after rounding the edges between ∂Ni and ∂Bout we can show
that there are nine of these configurations which give overtwisted contact structures
on the 3-ball Bout \

2⋃
i=1

(Ni ∪Di), thus can be excluded:

Lemma 3.47. If the dividing set on D1 or D2 looks like one of the configurations
of Figure 3.45, then the contact structure on B3 is overtwisted.

Proof. Number the intersection points of ∂Di and the dividing set as in Figure 3.45.
To check that a construction gives overtwisted contact structure, we study the
boundary parallel dividing arcs of it.

In Figure 3.46, we examine the bypass of intersection point 2, 4 and 6, respect-
ively. We will show that these are disallowed, because any of these three bypasses
result in an overtwisted contact structure.

Indeed, in Figure 3.46 we can see that after attaching the bypass along the
blue arc and rounding the edges between ∂Ni and ∂Bout, the dividing set has a
homotopically trivial component. Thus the contact structure near the surface is
overtwisted.
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Figure 3.45: The dividing set configurations on Di which we excluded because they
gave overtwisted contact structures. We numbered the intersection points of ∂Di

and the dividing set. For example, in case xi = 1, the second diagram in the first
row has three boundary parallel arcs bypassing intersection points 1, 4 and 6.

Now observe that each configuration of Figure 3.45 has a boundary parallel
arc bypassing intersection point number 2, 4 or 6. This means that they are all
disallowed. □

Figure 3.46: Attaching a bypass whose middle intersection point is 2, 4 or 6 gives an
overtwisted contact structure. On the left we can see the original dividing curve and
the attaching arc. On the right the homotopically trivial component of the obtained
dividing set is shown.
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The six remaining arrangements are the ones in Figure 3.47.

Figure 3.47: Possible dividing set configaurations on the disk Di.

In what follows, we show that we cannot choose every possible pair of arrange-
ments in Figure 3.47 to be the dividing set of D1 and D2. We have the following
requirement.

Lemma 3.48. For i = 1, 2, let x̄i = 2ji + 1 be number of intersection points of ∂Di

and the dividing curve on ∂Ni. Then the sum x̄1 + x̄2 = 10.

Proof. Let fS denote the Seifert framing and fT B the Thurston-Bennequin framing
of L. We think of framings as longitudes running on the boundary ∂N of a standard
neighborhood N of L. We reformulate the definition of linking of a framing f1 with
respect to another framing f2 as the number of their signed intersections, and we
call it the twsiting (tw(f1, f2)) of the framings. This way, we can consider the relative
twisting (rtw) of framings restricted to a subarc L′ ⊂ L as the signed number of
their intersections on the neighborhood N(L′) ⊂ N corresponding to that part of
the knot. (Note that the relative twisting is not an invariant of the equivalence class
of framings, but for two given framings the sum of their relative twistings along the
knot equals their twisting.) Then for any framing f

tb(L) = tw(fT B, fS) = tw(fT B, f) + tw(f, fS).
In what follows, we choose a framing f that will be convenient for us. Let us define

f so that f
∣∣∣
Bout

coincides with the framing induced by (the smoothened) ∂Di along li
(for i = 1, 2), see Figure 3.48 for an illustration. Let f

∣∣∣
Bin

be the part of f inside Bin,
which we can choose and fix arbitrarily. Using relative twistings we can count the
twisting of fT B with respect to f separately in Bin and in Bout. Observe that all the
intersections of fT B

∣∣∣
Bout

and f
∣∣∣
Bout

are positive, thus rtw(fT B

∣∣∣
Bout

, f
∣∣∣
Bout

) = x̄1 + x̄2.
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Then

tw(fT B, f) = rtw(fT B

∣∣∣
Bout

, f
∣∣∣
Bout

)+rtw(fT B

∣∣∣
Bin
, f
∣∣∣
Bin

) = x̄1+x̄2+rtw(fT B

∣∣∣
Bin
, f
∣∣∣
Bin

).

Obviously, f
∣∣∣
Bin

is independent of the now investigated Legendrian realization in
Bout. Moreover, tw(f, fS) is independent of the Legendrian realization. Recalling
that we fixed tb(L) to be maximal, we get that the sum x̄1 + x̄2 is constant. To
check that its value is x̄1 + x̄2 = 10, it suffices to give a construction.

In Lemma 3.45 we showed that the Legendrian realization in Figure 3.40 can
be obtained as the intersection of Bout with a maximal tb Legendrian realization
of K(4,m).

Figure 3.48: An illustration of the case x1 = x2 = 3. The blue curve is ∂D1, while
∂D2 is the reflection of ∂D1 about a vertical line.

Figure 3.48 indicates both ∂Di and the dividing curve on ∂Ni for the realization
of Figure 3.40. We can see that in this case x1 + x2 = 10. Since we verified that
this sum is the same for every maximal tb realizations, we finished the proof of
Lemma 3.48. □

We had six possible dividing set configurations for Di: one with xi = 5, two with
xi = 3 and three with xi = 1 (see Figure 3.47). According to Lemma 3.48, we have
10 possible ways to pair these arrangements up to get dividing sets for D1 and D2,
which finishes the proof of Theorem 3.46. □

Now Theorem 3.31 is an easy corollary of the above results in this chapter.

Proof of Theorem 3.31. The upper bound is obtained by multiplying the bounds in
Theorems 3.43 and 3.46. □
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4. Summary

In this work we focused on Legendrian two-bridge knots, and examined their
Legendrian simplicity.

We determined several infinite families of Legendrian non-simple knot types
by giving lower bounds on the number of Legendrian realizations with maximal
Thurston-Bennequin invariant. To achieve these results, we used several tools such
as knot Floer theory, the contact and the Legendrian invariants, surgeries, distin-
guished triangles of knots, exact triangles of homologies, graded rulings.

Moreover, we investigated double twist knots of the form K(4,m) with m ∈ Z,
which are natural generalizations of Eliashberg-Chekanov twist knots. For these, we
not only obtained the above mentioned lower bounds, but also gave an upper bound
on the number of their Legendrian realizations with maximal Thurston-Bennequin
invariant. Our proofs were based on convex surface theory, mainly on the study of
the dividing set and bypass attachments. However, the upper and the lower bounds
do not agree, leaving the problem of a complete classification of the Legendrian
realizations open.

Examining whether the estimates are sharp and improving them when possible
is a subject of future work, which can provide new classification results.
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5. Magyar nyelvű összefoglalás

A Legendre- és transzverz csomók elméletének kialakulása az 1990-es évekre te-
hető, amikor a szakirodalomban először felületeken vizsgált hullámfrontok léırását
szolgálták. Azóta a matematika e területe önállóan is érdekes kutatási témának
bizonyult, ami számtalan izgalmas és fontos kérdést vetett fel. Legendre- és transz-
verz csomókat használhatunk például kontakt sokaságokat definiáló műtéteknél.
Lényeges, hogy a Legendre- és transzverz csomóelmélet gazdagabb a klasszikus
csomóelméletnél abban az értelemben, hogy egy adott sima csomót́ıpushoz számos
nem ekvivalens Legendre-, valamint transzverz csomót találhatunk. E disszertáció
fő témája Legendre- és transzverz csomók vizsgálata Legendre-, illetve transzverz
egyszerűség szempontjából.

Egy iránýıtott Y 3-sokaságon kontakt struktúrának nevezünk egy olyan śıkmezőt,
amelyet lokálisan egy α 1-forma magjaként adhatunk meg úgy, hogy α ∧ dα az
Y -on sehol nem 0. Eszerint egy kontakt struktúra olyan śıkmező az Y érintőterében,
amely sehol nem érintője egyetlen felületnek sem. Az úgynevezett standard kontakt
struktúra R3-on az α = dz − xdy 1-forma magjaként ı́rható le (1.1. ábra).

Egy kontakt 3-sokaságban lévő L csomót Legendre-csomónak h́ıvunk, ha minden
x ∈ L pontjára az ottani érintővektor TxL ⊂ ξ, azaz ha L-et a kontakt struktúra
śıkjai minden pontban érintik. A T csomó transzverz csomó, ha minden x ∈ T

pontjára TxT ̸⊂ ξ, azaz ha T mindenhol transzverzálisan metszi a kontakt struktúra
śıkjait.

Két Legendre-csomót Legendre-izotópnak nevezünk, ha Legendre-csomókon ke-
resztül izotópak. Hasonlóan, transzverz csomók akkor transzverz izotópak, ha
transzverz csomókon keresztül izotópak egymással. A Legendre-, illetve transzverz
csomóelmélet célja annak eldöntése, hogy két Legendre-, illetve transzverz csomó
mikor Legendre-, illetve transzverz izotóp egymással.

A megfelelő sima csomót́ıpuson ḱıvül a Legendre-csomóknak két klasszikus, nu-
merikus invariánsát ismerjük: a Thurston–Bennequin-számot (tb) és a rotációt (rot).
Transzverz csomók klasszikus, numerikus invariánsa az önhurkolódási szám (sl).
Tudjuk, hogy ha L1 és L2 Legendre-izotóp Legendre-csomók, akkor

tb(L1) = tb(L2) és rot(L1) = rot(L2),
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valamint ha T1 és T2 transzverz izotóp transzverz csomók, akkor

sl(T1) = sl(T2).

Ez visszafelé azonban nem mindig igaz: egy sima csomót́ıpust Legendre-/
transzverz egyszerűnek nevezünk, ha Legendre/transzverz izotópia erejéig meg-
határozzák a klasszikus invariánsai. Egyébként a csomót́ıpust Legendre-/transzverz
nemegyszerűnek mondjuk.

Disszertációm fő motivációja annak vizsgálata volt, hogy mely csomót́ıpusok
Legendre- vagy transzverz egyszerűek.

E kérdésre csak részleges válaszokat ismerünk: Eliashberg és Fraser [21], majd
Etnyre és Honda [28] megmutatták, hogy a triviális csomó és minden tórusz
csomó Legendre- és transzverz egyszerű. Az első példákat Legendre-nemegyszerű
csomót́ıpusokra 1997-ben Chekanov [8] és Eliashberg [20] találták. Birman és
Menasco [5] transzverz nemegyszerű példákat konstruáltak. A mai napig na-
gyon kevés ismerettel rendelkezünk csomót́ıpusok Legendre-, illetve transzverz egy-
szerűségéről. A pŕım, nem kábelként előálló csomóosztályok közül például egyedül
csavart (twist) csomókra tudunk teljes osztályozást Etnyre, Ng és Vértesi [23]
eredményének köszönhetően.

Disszertációmban kéthidas csomókat tanulmányoztam, és alsó, valamint
felső becslést adtam maximális Thurston–Bennequin-számú Legendre realizációik
számára. Kéthidas csomóknak azokat a csomókat nevezzük, amelyek egy diagramján
a természetes magasságfüggvénynek pontosan négy kritikus pontja – két maximuma
és két minimuma – van. Szokás őket racionális csomóknak is nevezni, mivel könnyen
léırhatók racionális számok seǵıtségével (2.6. ábra).

A 2.37., 2.38. és 2.51 Tételekben végtelen sok új példát adtam Legendre-
és transzverz nemegyszerű csomócsaládokra. A bizonýıtások során legfonto-
sabb eszközökként a csomó Floer-homológiát, konvex felületelméletet, valamint
csomóinvariánsokat, elsősorban a Legendre-invariánst és ruling invariánsokat
használtam.

Fő eredményeim a 2.37., a 2.38., és a 3.31. Tételek. A két előbbi ugyanannak
az álĺıtásnak a Legendre- és a transzverz csomókra vonatkozó megfelelője. Ezek-
ben alsó becslést adtam olyan kéthidas csomók különböző Legendre (transzverz)
realizációinak számára, amelyek lánctört alakjára bizonyos könnyen ellenőrizhető
feltételek teljesülnek.

A 3.31. Tételben felső becslést adtam bizonyos duplán csavart csomók maximális
Thurston–Bennequin-számú Legendre realizációinak számára.

Ezeket összevetve alsó és felső becslést is kaptam K(4,m), m ∈ Z alakú duplán
csavart csomók (1. ábra) maximális Thurston–Bennequin-invariánsú Legendre
realizációinak számára.
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A disszertáció feléṕıtése a következő:
Az 1. fejezetben bevezettem a kontakt topológia, a Legendre- és a transzverz
csomóelmélet alapfogalmait. A 2. fejezetben először feléṕıtettem a szükséges csomó
Floer-homológiai ismereteket, majd igazoltam az alsó becsléseket. Fő eredményeim
itt a 2.37. és a 2.38. Tétel. Ezenfelül a kéthidas csomóhoz tartozó racionális számra
vonatkozó elégséges feltételt adtam a csomót́ıpus Legendre-, valamint transzverz
nemegyszerűségéhez, és léırtam egy algoritmikus módszert, amely seǵıtségével a
csomóhoz tartozó racionális szám alapján eldönthetjük, hogy a csomóra fennállnak-e
a nemegyszerűség ily módon történő bizonýıtásához szükséges feltételek. Definiáltam
a ruling invariánsokat, és egy alkalmazásukként igazoltam a 2.51. Tételt, amiben
újabb példákat adtam Legendre-nemegyszerű csomót́ıpusokra.

A 3. fejezet első része bevezetés a konvex felületelméletbe, aminek seǵıtségével a
fejezet második részében igazoltam a felső becslést tartalmazó 3.31. Tételt.
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[34] Viktória Földvári. Legendrian non-simple two-bridge knots. Periodica Math-
ematica Hungarica, 79(1):12–24, January 2019.

[35] Dmitry Fuchs. Chekanov–Eliashberg invariant of Legendrian knots: existence
of augmentations. Journal of Geometry and Physics, 47(1):43–65, 2003.

[36] Dmitry Fuchs and Serge Tabachnikov. Invariants of Legendrian and transverse
knots in the standard contact space. Topology, 36(5):1025–1053, September 1997.

[37] Hansjörg Geiges. A brief history of contact geometry and topology. Expositiones
Mathematicae, 19(1):25–53, 2001.

[38] Hansjörg Geiges. An introduction to contact topology, volume 109 of Cam-
bridge Studies in Advanced Mathematics. Cambridge University Press, Cam-
bridge, 2008.

[39] Paolo Ghiggini, Paolo Lisca, and András Stipsicz. Classification of tight contact
structures on small Seifert 3-manifolds with e0 ≥ 0. Proceedings of the American
Mathematical Society, pages 909–916, 2006.

[40] Paolo Ghiggini, Paolo Lisca, and András Stipsicz. Tight contact structures
on some small Seifert fibered 3-manifolds. American journal of mathematics,
129(5):1403–1447, 2007.

[41] Paolo Ghiggini and Stephan Schönenberger. On the classification of tight con-
tact structures. Topology and geometry of manifolds (Athens, GA, 2001), 71:121–
151, 2003.
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In [D1], I determined infinitely many Legendrian and transversely non-simple
knot types among two-bridge knots. This paper includes the lower bound, which is
the basis of Chapter 2 in my dissertation.

In [D2], I defined the knot invariant Υ by Ozsváth, Stipsicz and Szabó without
the holomorphic theory, in a combinatorial way using constructions from grid ho-
mology. As the subject of the paper is a knot invariant first defined using Heegaard
Floer theory, it is connected to my dissertation. However, I did not elaborate these
results in it.

[D3] is closely related to Chapter 2 of my dissertation, as we introduced a con-
tact invariant in the bordered sutured Heegaard Floer homology of a 3-manifold
with boundary, which behaves nicely under gluing the manifolds. Due to the long
arguments and definitions, our results are not included in my dissertation.

[D4] and [D5] are two posters which I presented at conferences. The first one
explains the lower bounds written in Chapter 2 of my dissertation, while the second
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